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Abstract 

In this paper, for (i ^ 3, we prove the absolute continuity of the spectrum of a d- 
dimensional periodic Dirac operator with some discontinuous magnetic and electric po- 
tentials. In particular, for d = 3, electric potentials from Zygmund classes \n^^^ L{K), 
S > 0, and also ones with Coulomb singularities, with constraints on charges depending 
on the magnetic potential, are admitted (here K is the fundamental domain of the period 
lattice). 

Introduction and main results 

Let A4m, M E N, be the linear space of complex (M x M)-matrices, let Sm be the set 
of Hermitian matrices from Mm , and let the matrices aj G Sm , j = I, ■ ■ ■ ,d {d ^ 2), 
satisfy the commutation relations ajai + aicxj = 26jil, where J G A^m is the identity 
matrix and 6ji is the Kronecker delta. Denote 

= {L G Sm ■■ Laj = {-lYajL for all j = 1, . . . , , s = 0, 1 . 
We consider the ^-dimensional Dirac operator 

V + W = -iy"ai — + W(x), X eW^, (0.1) 

OXj 

J=l J 

with a periodic matrix function W : ^ Sm , d ^ 2 {j? = —1), with a period lattice 
A C W^. In particular, the operator (0.1) can have the form 

P + ^ = ^ a^. (-Z ^ - A,) + i/ , i/ = i? (0) ^ ^ (1)^ (0.2) 

where the components Aj of the magnetic potential A : M"^ — > M'^ and the matrix functions 
\/(«) ; S'^^ , s = 0, 1, are also periodic with the period lattice A C M"^. In the sequel. 
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the matrix functions V^^\ s = 0, 1, will be also chosen in the form 

= vT, i/w ^ Vip, (0.3) 

where V, Vi are A-periodic real- valued functions and (3 E is a Hermitian matrix with 
— I , and in the particular form 

= vT, V^^^ = m$, (0.4) 

where K : M'^ ^ M is a A-periodic electric potential and m G M. 

The coordinates in are taken relative to an orthogonal basis {£j} {\£j\ = 1, j = 
1,. . . ,d; \.\ and (., .) are the length and the scalar product of vectors in M'^), Aj{x) = 
{A{x),£j), X e W^. Let {Ej} be the basis in the lattice A c R"^, 

d 

X = { X = : ^ < 1 , i = 1 , ■ ■ ■ , } ■ 

Denote by v{.) the Lebesgue measure on W^] v{K) is the volume of the fundamental 
domain K. In what follows, the functions defined on the fundamental domain K will be 

also identified with their A-periodic extensions to R*^. 

The scalar products and the norms on the spaces C^, L^(R'^;C^), and L'^{K;C^^) 
are introduced in the usual way (as a rule, omitting the notation for the corresponding 
space). We assume that the scalar products are hnear in the second argument. For 
matrices L e Aljvf , we write 

||L||;Uj^^ = max \\Lu\\ . 
uec^ ■.\\u\\=i 

The zero and the identity matrices and operators in various spaces are denoted by and 
/, respectively. 

Let H^{R'^;C^) be the Sobolev class (of order 1) of vector functions (p : ^ C^. 
The operator 

acts on the space L^{R'^;C'^) and has the domain D{V) = H^{R'^;C^). For a ^ 0, 
let 'L^{d;a) be the set of A-periodic matrix functions W e Lf^^{W'-, Mm) which have 
bounds b(W) ^ a relative to the operator V. If T? G h%{d; a) and if E H'^{R'^; C*^), then 
Wif G L^(M'^; C^) and for any e > there is a number Ce{a, W) > such that for all 
vector functions ip G i7^(M°'; C*'^) the estimate 

WWifW ^{a + e) WVifW + C,(a, W) M . (0.5) 

holds. In particular, the set h^{d;0) (with a = 0) contains A-periodic matrix functions 
W ■.R''' ^ M.M for which at least one of the following conditions is satisfied: 
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1) d = 2, the function ||W^(-)II>(a/ belongs to the Kato class K2 (see [Ij); this condition 
is fulfilled for the functions W from the Zygmund class In L{K] A4m))] 

2) d^2,W e L'^iK; Mm) and 

|||t?|||^,M = ess sup /" l|t?(x-e7)lll(M^0 

x^K'' \ Jo J 



for some vector 7 G A\{0} (see, e.g., [2]); 
3) d ^ 3, 1? G L^{K;Mm). 

Let L'^{K; M-m) be the space of functions W : K ^ M-m ioi which 

WWWlUk-Mm) = sup t {v{{x G K : ||l?(a;)||A^^, > t}))^ < +00 . 
t >o 

For functions W G L'^{K ; J\4 m) , we write 

ll^ll&(/.-A4„) = limsup t (t;({x G : \\Wix)\\M,, > t}))^ 

For (i ^ 3, the A-periodic function W G L'^{K] A4m) has the bound 

relative to the operator V, where C = C{d) > (see, e.g., [3J). From this one also derives 
the estimate 

KW)^C\\W\\[7^'-^^^^, (0.6) 

where 



= limsup t(t;({y G 5,(x) : ||W^(x)||a4„ > 0))^ 

™^ ' ^'^+0 ^.elR'* t^+oo 

Brix) = {y eR"^ : \x-y\ r}. If I?i , I?2 e Li{K;MM), then 

Let {i?*} be the basis in the reciprocal lattice A* C M"', {Ej, E^ ) = 6ji . We let 

^j^ = v-\K) [ '(/'(x)e-'"'(^'")dx, AT G A*, 



M 



denote the Fourier coefficients of the functions ip G L^{K;U), where U is the space C 
or R'^-ar Mm ■ 

If 1^ : M'' — i> Sm is a Hermitian matrix function and W G IL^/((i; a) for some a G [0, 1), 
then P + is a self-adjoint operator on L^(R'^;C*^) with the domain D{V + W) = 
D[T>) = H^{W^; C^) (see OH]). The singular spectrum of the operator V + W is empty 
and the eigenvalues (if they exist) have an infinite multiphcity and form a discrete set (see 
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[5j and also [6]). Therefore, if there are no eigenvalues in the spectrum of the operator 
T> + W ^ then the spectrum is absolutely continuous (this assertion is also a consequence 
of the results of [7]). 

The question on the absolute continuity of the spectrum of periodic operators of math- 
ematical physics (in particular, of the periodic Dirac operator) attracted a lot of attention 
in the past decade. Two papers [8] and [9] contain a survey of some early results. The 
assertions on the absolute continuity of the spectrum of periodic Schrodinger operators 
(including ones with variable metrics) can be found in [10] - [25] (also see references 
therein). The periodic Maxwell operator was considered in [26| [27]. 

The first results on the absolute continuity of the spectrum of the periodic Dirac 
operator were obtained in [28l [291 [30] . [30l[3T], the absolute continuity of the spectrum 
of the operator (0.2), (0.4) was proved for all ^ 2 under the conditions V G C(M'^), 
A e L'^ Ir'^; R'^), and 

71 

II 1^1 IIl-(R'*) < max — . (0.7) 

76A\{0} |7| 

In subsequent papers, the restriction on the periodic electric potential V has been 
relaxed. The spectrum of the operator (0.2), (0.4) is absolutely continuous if at least one 
of the following conditions is satisfied: 

1) d = 2, V e L'i{K), q > 2, and the magnetic potential A G L°°(]R2;M2^ obeys 
condition (0.7) (see [52]): 

2) d ^ 3, A = 0, and ^^g^. l^ivP < +oo, where p G [1, qd{(ld — 1)^^) and the numbers 
qd > d are found as the largest roots of the algebraic equations 

- (3rf2 -Ad- l)q^ + 2{Ad^ -Qd- 3)q^ - {9d^ - 16d - 4)g - Ad{d - 2) = , 

gg ~ 11.645, d-^qd ^ 3 as ^ +oo (see [5] and also [23 [SB 132]); 

3) d = 3,V e L'^{K), q>3, and the magnetic potential A G L°°{R^] R^) satisfies (0.7) 
(see [55]): 

4) d^2,V e L'^{K), Ae L°°(R'^; R'^), and there exists a vector 7 G A\{0} such that 
II 1^1 ||L°=(]Rd) < 7r|7|~"^ and the map 

M'^ 9 X {[0, 1] 9 e ^ r(x - e7)} e L\[0, 1]) 

is continuous (see ^). 

In [51], the absolute continuity of the spectrum of the operator (0.2), (0.4) was proved 
for d = 3 under conditions: the matrix functions V^'^\ s = 0, 1, belong to the Zygmund 
class mn^^^ L{K;Mm) for some (5 > 0, and the magnetic potential A G L°°(R^;]R^) 
satisfies (0.7). 

In recent paper [35j, it was proved that the spectrum of the Dirac operator (0.1) is 
absolutely continuous if 

aiWai = a2Wa2 = ■ ■ ■ = ctdWad 
and for some r d, a > {d — l)/(2r), we have W G L^{K; Sm) and 

II W{. +y)- W{.) II LriK;SM) ^ C {dist (y, A)}° 
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for any y G M'^, where C ^ and 



dist (y, A) = min \y — 7! 

76 A 



For d = 3, one can set 



'^=(5 -/)• I). J- = 1.2. 3. (0.8) 

where and / are the zero and the identity 2x2 matrices, and aj are the Pauh matrices: 

A ^ fO -i\ ^ A 



In this case, the matrix functions V^^^ : ^ 54'*'' , s = 0, 1, can be chosen in the form 
where 

fdi\ — ^ fd -tT\ 

and , Z = 1,2, are A-periodic real- valued functions. 

For d = 2, one can identify the matrices Si , a2, and /3 with the Pauli matrices ai , ^2, 
and as , respectively. 

The two-dimensional periodic Dirac operator (0.2), (0.3) with an unbounded magnetic 
potential A was studied in EZl- In [3Z], the absolute continuity of the spectrum of 
the operator (0.2), (0.3) (with d = 2) was proved under the conditions V, V\ G L''{K) and 
A G L'^{K]M?)^ q > 2. A similar result was obtained in [36j (it was assumed, however, 
that Vi = m = const, but the proof carries over to functions Vi G L'^{K), q > 2, without 
essential modifications). The methods used in [36] were the same as in |32]. More general 
conditions on V, V\ , and A were obtained in ^8]: it suffices to require that the functions 
\/2ln(l + |\/|), V;2ln(l-F|yi|), and \A\^\^^\\\\A\) belong to the space L^{K) for some 
5 > 0. 

In [Ml [39j , it was proved that there are no eigenvalues in the spectrum of a generalized 
two-dimensional periodic Dirac operator 

-i ^{hj{ax + h,202) ^ + ^ ' (0-9) 
i=i ^ 

where hji G L°°(M^; M), j, / = 1, 2, are A-periodic functions, for which 

< £ ^ hu{x)h22ix) - hi2{x)h2i{x) 

for a.e. x G M^, and 1^ G (2; 0). If the operator (0.9) is self-adjoint, then its spectrum 
is absolutely continuous. Some particular cases of the operator (0.9) were also considered 
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in [miinilll] (in [10], the functions hji were supposed to obey the same conditions as in 
but it was assumed that W G L'^{K;Mm), ? > 2). 

In [37], the absolute continuity of the spectrum of the d-dimensional operator (0.2), 
(0.3) was proved for ^ 3 under the conditions V, Vi e C{W^; M) and A e C'^'^+^iW^] W^). 
The proof was based on Sobolev's paper where the absolute continuity of the spec- 
trum was proved for the Schrodinger operator with a periodic magnetic potential A e 
(^2d+3(^^<i.^d)^ d ^ 3. The last condition was relaxed by Kuchment and Levendorskii in 
[9J: it suffices to require that A e H^^^{W^-W^), 2q> 3d- 2, which makes it possible to 
relax accordingly the constraint on the magnetic potential A also for the periodic Dirac 
operator (see [8, 37] ). 

Let Sd-i = {x G M"' : |x| = 1}. For vectors x G M'^yjO}, we shall use the notation 

Sd~2ix) = { e G 5*^-1 : (e, x) = } . 

Let OJlf), [) > 0, be the set of all even Borel signed measures /i on R (with finite total 
variation) for which J^e^P^dfi{t) = 1 for every p G (— f), f)); 

= sup (|/i(0)| + |/i(M\C)|) < +00, /i G OJlf,, 

0€i 



where B{M.) is the collection of Borel subsets OCR. In [121 H5] . it was proved that the 
spectrum of the A-periodic Dirac operator (0.2) is absolutely continuous for ^ 3 if the 
following conditions are fulfilled: 

1) i/WGC(M'^;4^^s = 0,l; 

2) y4 G C{R'^; R"^) and there exist a vector 7 G A\{0} and a measure jj. G , f) > 0, 
such that for every a; G R"' and every unit vector e G 5^^2(7) we have 



(0.10) 

|7| 



Aq- ! d^{t) [ A{x -i-i-te) d^ 
Jr Jo 

where Aq = v~^{K) A{x) dx . 

For the periodic magnetic potential A G C(R'^;R'^), d ^ 3, condition (0.10) is ful- 
filled (under an appropriate choice of 7 G A\{0} and /i G QJtf, , I) > 0) whenever 
A G ifj^^(R'^; R"^), 2q > d — 2, and also in the case where J^n^A' W^nWc^ < +00 (see 
[121113]). 

Let a vector 7 G A\{0} and a measure /i G , f) > 0, be fixed. Denote e = |7|"^7 G 
Sd-i ■ In this paper, we consider the Dirac operator (0.2) for ^ 3 supposing that the 
A-periodic magnetic potential A : R'^ ^ R'^ satisfies the following conditions (Aq), (Ai), 
(Ai), and (A2). 

(Ao): Ao = Q. 

Since one always can make the transformation 

V + W e'^^^'^'^V + W?)e-^(^°'^) , 
without loss of generality we can assume that condition (Aq) holds. 



6 



(Ai): A e Lf„^(M'^; M"') and the map 

3 X ^ i ^ A{x ~ ^7)} G L2([0, 1]; M'^) 

is continuous {in particular, this means that for all x G M'^, the function ^ — > y4(x — ^7) 
is defined for a.e. ^ G M). 

Since for any e > there exists a number C'{'y,e) > such that for all A-periodic 
matrix functions W G Lf^^iM.'^; Mm) (for which < +00) and for all vector 

functions ip G H^iM.'^; C*^) the inequality 



\\W^\\ < \\\W\\U,M{e\\-^^^\\+C'{^,e)M) 



(0.11) 



holds, where = {x,e), x E (we can put C"(7,£:) = 2(1 + 2e ^|7p); see, e.g., [2]) 
condition (Ai) implies that 

d 

GLt,(ci;0). 

i=i 

The following condition is a consequence of condition (Ai): 
(Ai): there is a constant C* > such that 



sup sup // |A(x-^ie-^2e)| ^=^=^ ^ C*. 



(0.12) 



Indeed, for all x G M'^ and all e G 5'rf_2(7), 



^ I I / |A(x-eie-6e)rrf6 



161 ^ 



|7| ) ( max / \A{y-^^)\'d^ 



where [t] is the integral part of a number t G M. Therefore, we can put 

2 



C* =4v^ 
Let us denote 



max / \A{y-^^)\^d^ 

y&R^ Jo 



A{e;x) = A{'j,n,e;x) = / rf/i(t) y A{x - ^'j - te) d^ , x G M'' , e G 5^-2(7) • 



7 



Prom condition (Ai) it follows that the periodic function 



3 X 



f A{x-i^)di 

Jo 



is continuous. Therefore the function A(.; .) : Sd-2i'y) x — M*^ is also continuous, and 
A-periodic in the second argument. Moreover, {A{e; .))o — Aq — (for all e e Sd-2{'y))- 

(A2): there is a constant 9 e [0, 1) such that 

max _ max |A(e;a;)| ^ -j — r . (0.13) 

xe'R'^ eeSd-2(7) I7I 

If we pick the Dirac measure IJ> = S, then the function A(e; .) does not depend on the 
vector e and inequality (0.13) means that 



max I / A[x — ^7) ^ 

xeRd Jo 171 



The last inequality is valid if 



N eA* ■.{N,^) = 

The following two theorems are the main results of this paper. 

Theorem 0.1. Suppose d ^ 3, V^'^ e L'^{K;S^^), s = A e L'^{K;W^), and there 
exist a vector^ G A\{0} and a measure jj, G , f) > 0, such that conditions (Aq), (Ai), 
(A2) are fulfilled for the magnetic potential A, and the maps 

W'3x^ {[0, l\3i^V^^\x- ^7)} e L\[Q, 1]; 5ff) , s = 0, 1 , 

are continuous. Then the spectrum of the periodic Dirac operator (0.2) is absolutely 
continuous. 

Denote 

x\\ — {x, e)e , x± — X — {x, e)e , x G R*^. 
For a matrix function W G L'^{K] Mm) and a number a G [0, 2], we set 

(3^,,{R;W)^v{K) sup {27r\N^\)^-'' {27r\N\r \\Wn\\ , R^O, 

N eA* ■.27r\N^\^R 

R—^+0O 

Let supp W be the essential support of a measurable function W : ^ Mm , 
supp 1^ = R*^ \ {x G R'^ : W{y) = for a.e. y G Br{x) for some r = r{x) > 0}. 
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Theorem 0.2. Suppose d = 3, V^'^ e L'^{K; S'^j^) , s = 0,1, A e L'^{K;R^), and there 
exist a vector •y G A\{0} and a measure /i G , I) > 0, such that conditions (Aq), (Ai), 
(A2) are satisfied for the magnetic potential A, and the functions V^'^\ s = 0, 1, can be 
represented in the form 

where {for s = 0, 1) the A-periodic matrix functions Vu'^\ z/ = 1, 2, 3, obey the conditions: 

1) for the functions v}''^ G L'^{K]S^^)), the maps 

M-^ 3 ^ ^ {[0, 1] 9 ^ ^ - ^7)} g ^^([0, 1]; S^^) 

are continuous; 

2) G L3 ln^+'^ L{K- S^^)) for some 6 > 0; 

3) = E% V^a!? , V3,i e LUK; 4^)), and /5,,^(0; V,\'^) < +00 for some a G (0, 2], 
q = 1, . . . ,Qs , moreover, the essential supports supp ^31^'' of the functions V^^^^^ {considered 
as A-periodic functions defined on M.^) do not intersect for different q, 

\\%^'^\&Mm) = .ill^^Q, ll^a^llSi-i^M) ^ and ^ max^^ /^...(V's!?) ^ c[ , 

where Ci = Ci(f), /i, 7; A) G (0, C~^) and c[ = c[{i), fi, 7, a; A) > {C is the constant from 
(0.6)). 

Then the spectrum of the A-periodic Dirac operator (0.2) is absolutely continuous. 

Remark. For = 3, we can set M = 4 (and take the matrices cij and (3 in the form 
(0.8)). The condition 3 in Theorem 10.21 admits Coulomb singularities for the functions 
V^^\ and therefore for the functions V,Vi in (0.3), and the function V in (0.4). The 
condition 3 is fulfilled for the A-periodic functions if G C°°{^Wj'^j=i{xj + 

A); S'f]), where Xj , j = 1, . . . , J, are different points in K such that vj''^\x) = for x 
which do not belong to some disjoint closed A-periodic neighbourhoods of the sets Xj +A, 

j = 1, . . . , J, and the functions V^^^\.) coincide with the functions | . — xj Q''^ in certain 

neighbourhoods (in M^) of points Xj , where Q^^^ G S^^'' and 

for all j = 1, . . . , J and s = 0, 1 (here, the constant c[ corresponds to the number a = 2). 



1 Proof of Theorems [03] and [02] 

Let H'^{K; C*^), a > 0, be the set of vector functions (p : K ^ C^^ whose A-periodic ex- 
tensions belong to the Sobolev class i/£,(M'^; C^) (of order a); H^{K; C*^ = L^{K; C^). 
For all e G 5^-1 , all G M.'^ {cj = (e, £j), kj = {k, £j), j = 1, . . . ,d), and all x ^ we 
introduce the operators 

d g d 

V{k + ixe) = —i aj-^ h {kj + i>iej)aj 

j=l 1 j=i 
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acting on L'^{K] C*^, with the domain D{V{k + ixe)) = H\K; C^O C L^iK; C*^. 

If G h^^{d; a), a ^ 0, then for all e > 0, all vectors k G M'', and all vector functions 
if G we have 

||l?<^K(a + £)||P(A;)<^||+C,(a,l?)||<^|| = (1.1) 

j=l 3 

where the operator T>{k) is the operator V{k + ixe) for x = 0, Ce(a, M^) is the constant 
from (0.5), and the function W is supposed to act on the space L'^{K;C^) (here and 
henceforth, the norms and the scalar products are related to the space L^{K; C^'^)). 
Under the conditions of Theorem 10. H we have 

d 

= + - ^ Aja, G hij{d; 0) , 
i=i 

furthermore, for any e > there is a constant C^' (0, W) > such that for all k and 
all if G H^iK; C^^) the estimate 

\\w^\\ ^ ||i?^°Vll + II^^^^Vll + lll^l'^ll ^ ^ W'^ikM + c^{o,w) \\ip\\ (1.2) 

holds (we can set C;(0, W) = C,/3(0, V>(o)) + Ce/siO,?^'^) + C,/3(0, E,ti If the 

conditions of Theorem 10.21 are fulfilled, then W G L^(3; a) for some a G [0, 1). 

Suppose W G L^^((i;a), a G [0,1). Then the operators V{k + ine) + W, with the 
domain D{V{k + ixe) + W) = H^{K; C^^ C ^^(/r; C*^), are closed and have compact 
resolvent for all k + zxe G C^. Furthermore, the operators T>{k) + M^, k G M"^, are 
self-adjoint and have a discrete spectrum. Let Xu{k), G Z, be the eigenvalues of the 
operators T>{k) + W. We assume that they are arranged in an increasing order (counting 
multiplicities). The eigenvalues can be indexed for different /c G M'^ such that the functions 
M.'^ 3 k \y{k) are continuous (see [SD])- Denote by 

d 

K* = {y = Y.'^jE* : 1 ^ r^, < 1 , J = 1, . . . ,4 

the fundamental domain of the lattice A*, v{K*) is the volume of K*; v{K*)v{K) = 1. 
The periodic Dirac operator (0.1) is unitarily equivalent to the direct integral 

The unitary equivalence is established via the Gel'fand transformation (see |44l [TT]). The 
spectrum of the operator (0.1) coincides with Uz/ezl-^fl^) ■ ^ ^ 2tiK*}. 
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To prove the absolute continuity of the spectrum of the operator (0.1), it suffices to 
prove the absence of eigenvalues (of infinite multiplicities) in its spectrum (see |7]). But, 
on the other hand, if A is an eigenvalue of the operator (0.1), then the decomposition of 
the operator (0.1) into the direct integral (1.3) and the analytic Fredholm theorem imply 
that A is an eigenvalue of 'D{k + ixe) + W for all k + i>ce e (see [HE]). Hence, it suffices 
to prove that every number A G M is not an eigenvalue of the operator V{k + ixe) + W for 
some complex vector k + ixe G C'' (dependent on A). This method was used by Thomas in 
[To] . If, under the conditions of Theorems 10.11 and 10. 2[ we change W — \I ioW (change 
- A/ to in the case of the operator (0.2)), then the new matrix function W 
satisfies all conditions which are satisfied by the original matrix function W . Therefore, 
to prove the absolute continuity of the spectrum of the operator (0.1), it suffices to prove 
the absence of the eigenvalue A = in the spectrum of the operator T>{k + i>ce) + W for 
some complex vector k + ixe G C"'. Thus, Theorems 10 . II and 10.21 are implied by Theorems 
ll.ll and [L2l respectively. 

Let 7 G A\{0} be the vector fixed in Theorems 10.11 and 10 . 2[ In what follows, we denote 
e = |7|~"^7. 

Theorem 1.1. Let 3. Suppose the matrix functions V^^\ s = 0, 1, and the magnetic 
potential A {for the vector 7 G A\{0} and the measure fi G OJlf, , f) > 0) satisfy the condi- 
tions of Theorem \0.1[ Then there exist a number Ci > {we can put Ci = | vr|7|~-^C2 , 
where C2 is the constant from {1.10)) and a number xq > such that for all x ^ xq , all 
vectors G M'^ with |(A;,7)| = tt, and all vector functions (f G H^{K; C^^) we have 

\\{V{k + ixe) + W)^\\ ;^CiM. 

Theorem 1.2. Let d = 3. Suppose the matrix functions V^^\ s = 0, 1, and the magnetic 
potential A {for the vector 7 G A\{0} and the measure /i G , f) > 0) satisfy the 
conditions of Theorem W.^ {the constants Ci G (0,C~^) and c{ > will be specified later 
in the course of the proof). Then there exists a number C{ > {as in Theorem \1. 11 we 
can put CI = 1 7r|7|~-'^C2 , where C2 is the constant from {1.10)) and, for every H > 1, 

there exists a number Xq""* > {which also depend on f), jj, A, 7, a, on the functions 
Vu^^ , s = 0, 1, z/ = 1, 2, 3, and on the magnetic potential A) such that for any S > 1 
and any xi ^ Xq""* there is a number x G [xi, Sxi] such that for all vectors A; G M'^ with 
\{k,'y) \ = TT, and all vector functions if G H^{K]C^) the estimate 

\\{V{k + ixe) + W)ip\\ ^ ClWifiW 

holds. 

Theorems 11.11 and 11.21 are proved in the end of this section. Theorem 11.11 is based on 
Theorem II. 3[ Theorem 11.21 is deduced from Theorems II. 4| II. 5| and 11.61 

For all vector functions if G H^{K] C^'^), 

V{k + ixe)^= J2 ^Jv(A;;x)<^jve'"*(^'"\ 
Af e A* 
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where 

d 

VN{k] k) = ^ {kj + 27riVj + ixej) aj , Nj = (TV, Sj) , j = l,...,d. 

For A; e M'^ and X ^ 0, we introduce the notation 

G%{k;x) = (|A;|| + 27rA^|||2 + (x±|A;x + 27rAr^|)2)'/', N e A* ; 

G%ik; k) ^ G-^{k- x) , G^ik- K)^K. 

If A; e M"* and 7)! = tt, then for aU x ^ and all iV e A* we have G^{k\ x) ^ 7r|7|"^ 
In the case where 7)] = tt, we define the operators G£, with C £ acting on the 
space L2(X;C^): 

J2 iG%{k;><))^<f^e'^'^'''^\ 

ATe A* 

f #^^^(ir;C^) if ReC > 0, 
' ' \ L\K-C^) if ReC^O 

(the operators G£ depend on /c and x, but, in the above notation, this dependence is not 
indicated explicitely) . 

For all k e R"^, all x ^ 0, and all N e A*, the inequahties 

G'^{k; x) \\u\\ ^ WV^ik; ^ Gj^{k; x) \\u\\ , w G C*^ , 

hold. Hence, for all vector functions (p e H^{K; C^), 

||Gl<^|| ^ \\V{k + ixe)ip\\ ^ HGj^^H . 

Let P'', where C C A*, denote the orthogonal projection on L^{K;C^) that takes a 
vector function ip e L'^{K; C^) to the vector function 

(in particular, P^ = 0). We write n{C) = {99 G L2(is:; C^) : <^7v = for e A*\C}. 
For vectors e e Sd-2{e), we define the orthogonal projections on C-^: 

^ d d 

Wc shall use the notation e{y) = \y±\~^y± £ Sd-2{e) for vectors y e R*^ with yj_ = 
y- {y,e)e^O. 
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If A; e M"^, e A*, and + 2txN^ ^ 0, then 

x)Pi-,2.N) = (1-5) 

and, for all vectors u G C^^ (and all x ^ 0), 

\\VN{k] >i)Pi^k+2.N)A = G%ik; ><)\\P^%+2nN)U\\ ' (1-6) 
If k± + 2'kN± = 0, then 

G'+(fc;x) = G^(fc;x). (1.7) 
Let denote by = P^{k;e) and by = P^{k;e) the orthogonal projections on 

NeA* :kj_+2TrN±=0 

B-,o ,o ^27rj(Af,x) 

^* = Peik+2.N) ' ' > , 

NeA* : kj_+2TrNj_ ^ 

NeA* ■.kj_+2nNj_ = 



M\ 



(the operators P^ and P^ depend on A; G M'^, but the dependence will not be indicated 
in the notation). Since P"*" + P~ = I, P^ + P~ = I, from equalities (1.5), (1.6), and 
(1.7) it follows that 

||P+P(fc + txeM = l|GlP-^l| , \\P-V{k + ixeM = \\GlP+ip\\ , (1.8) 

\\V{k + ixe)(^f = IIGiP^v^f + ||G|P+<^f 

for all vector functions if G H^{K; C*^). 

Condition (Ai) and inequality (0.11) imply that for any r G (0, 1) there is a number 
Q = (5(7, A; r) > such that for all G M°' and all vector functions ip G -ff^-^; C*^) the 
inequality 

\\\AM^r\\{k^~z^^)^\\+QM (1.9) 
is fulfilled, where ^2 = {k,e), G M"' (we can put 

(see (0.11))). 

Let C*([)) > be the constant defined in Lemma [3TT1 The constant C*(f)) depends 
on C* and f). (In what follows, we shall assume that f) ^ ItI"^- Therefore the constant 
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C*(()) will depend on the vector 7 as well.) Fix a number r G (0, 1) and the corresponding 
number Q > 0. Denote 

C2 = (l-r)(l + g(l-^)-iM ell^ll^*(W)-i e (0,1). (1.10) 

vr 

Theorem 1.3. Let d ^ 3. Suppose V^'^ G L'^{K]S^^), s = 0, 1, A G L'^{K-W^) with 
= 0, -R > 0, and there are a vector'-^ G A\{0} and a measure /i G fDIf, , f) > 0, S'uc/i t/ia^ 
for the magnetic potential A, conditions (Ai), (Ai), (A2) are satisfied and, moreover, 
= 0, s = 0, 1, and A^v = for all N e A* with 2tt\N±\ > R. Then for any 6 > 
there exist numbers a = a{C2', S, R) G (0, C2] and xq > such that for all x ^ xq , all 
vectors A; G M"' with \ {k,'~f) \ = tt, and all vector functions ip G H^{K; C^) the inequality 

||(P+ + aP,-)(P(A; + zxe) + = 

= \\P,:^{V{k + ine) + W)^f + a''\\p-(V{k + ixe) + W)^f ^ 
^ (1 - 5) [Cl \\G\p-^f^a'' WGlP^^f) 

holds. 

Theorem 11.31 is proved in Section 2. The following Theorem II. 4[ which is proved in 
Section 4, is a consequence of Theorem 11.31 

Theorem 1.4. Let d ^ 3. Suppose V^'^ G L'^{K; S'^^) , s = 0, 1, A G L'^{K;R'^) with 
Aq = 0, and there are a vector 7 G A\{0} and a measure fi G OJlfj , P) > 0, such that 
the magnetic potential A obeys conditions (Ai), (Ai), (A2) and, for the functions V^^\ 
s = 0, 1, the maps 

9 X -> {[0, 1] 9 e ^ t/(^)(x - ^7)} e ^'([0, 1]; Mm) 

are continuous. Then for any 6 G (0, 1) there exists a number Xq > such that for all 
X ^ Xq , all vectors k with \ {k,'y)\ = it, and all vector functions (f G H^{K; C'^^) the 

inequality 

II {C,'' G'J P+ + G7 P-){V{k + iKe) + W^)v9f = 
= C^^ \\G'J P,+ {V{k + ixe) + W^)(^f + ||G7 P-{V{k + zxe) + l?)^f ^ 
>{l-5) {C2 \\G1 p-^f + ||g| P Vf) 

zs fulfilled. 

Fix some nonnegative even function W^~^ 3 x' ^ JF(x') G M from the Schwartz space 
iS(M'^^^;]R) with the following property: the function 

W^-^ 3p^ J^^{p)= f J^ix')e'^P''''Ux' 
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is also nonnegative and satisfies the conditions T (0) = 1 and T (p) = for \'p\ ^ 1 
(see, e.g., ^3] and remarks after Cliapter 1 in [15]). Then we also have T G iS(]R'^^^; M) 
and ^ JF [ji) = T {—p) ^ 1 for all p G M*^"^. Let {Sj} be an orthogonal basis in M'^ 
with £2 = e. Denote xj = x e R'^, j = 1, . . . , d, x' = X3, . . . , x^) G M^"^ 

x±= ^j^j e ^'^j = x^e G M'^. For i? > 0, we set 

Kg(x) = i?'^-^ /" t/(')(x- Va;j£:/):?^(i?x(,i?x^,...,i?x^)rfx', s = 0,l, (1.11) 

t^{«}(^) = nS(a:) + V^lS(^)' 
A{R}{x) = R'^-^ I Vx;£/)jP(i?x{,i?X3,...,i?x^)rfx', xgM'^. (1.12) 



where A^' = {N;,N^, • • • , A^j) e N G A*, we have (Vr^)^ = and {A^Ry)^ = 



Since 

for all G A* with 2n\N±\ > R. By the definition of the functions V^J^j G L2(/r;5jJ) 
and ^{_R} G L^(i^';]R'^) (in the form of a convolution) and by the choice of the function 
JF, the function (as well as the function A) satisfies conditions (Aq), (Ai), (A2) for 
all R > 0, with the constants 0^(0, W^ny) = 0^(0, W), e > (and inequalities (1.2) are 
satisfied with the constants C^{0, W^{_r}) = C^{0, W), e > 0), moreover, the maps 

9 X ^ {[0, 1] 9 ^ ^ V^^^lix - ^7)} G L\[0, 1]; 4^^) , s = 0,l, 



;M'^) 



M'^ 9 X ^ {[0, 1] 9 e ^ A|^j(x - ^7)} e L2([0, 1] 
are continuous (the function v4{^} obeys condition (Ai)), and 

\\\W-W{Ry\\\^,M^O 

as R +00. The last relation and inequality (0.11) imply that for any e>0 there is a 
number R = R{e) > (dependent also on 7, /i, and functions V^^^^ s = 0, 1, and A) such 
that for all e > and all vector functions ip G H^{M.'^; C^) the inequality 

dip 

\\{W - Vr{R})v9||i2(]Rd.cM) ^e{e \\-i — ||^2(Kd.cM) + C'il,i^) yilL^iwi-fiM)) (1.13) 

holds, where X2 = {x,e), x G M"^, and C'{'~f,e) is the constant from inequality (0.11). 
From (1.13) it follows that 

11(1? - W^nyM s^e{e\\{^-^l^)^\\+ ^'(7, e) M) (1.14) 



9X2 
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for all e > (i? = R{e)), all e > 0, all G H\K; C*^, and all k e R'^, where = {k, e). 

Proof of Theorem ll.il Given the vector 7 G A\{0} and the measure /x G QJtf, , suppose 
the functions V s = 0,1, and A satisfy the conditions of Theorem 10 .11 For the number 



there is a number R = R{e) > such that inequality (1.14) holds for all e > 0, all vectors 
k G M"^, and all vector functions (p G H^(K;C^'^). Furthermore, {W{r})n = for all 
N e A* with 27r|A^_L| > R, the function Aj/?} obeys conditions (Aq), (Ai), (Ai), (A2) 
(with the vector 7 G A\{0}, the measure /i G DJlt, , and the constants C*, 6), and for the 
function A{_r} , estimates (1.9) are fulfilled with the constants Q(7, ^{_r}; t) = <5(7, A; r), 
T G (0,1) (including the chosen number r). Therefore, Theorem 11.31 applied to the 
functions s = 0, 1, ^{_r} and the number 5 = | , implies that there exist a number 

a = 0(6*2; I , -R(?)) £ (0, C2] and a number xq > such that the inequality 

\\{V{k + zxe) + W^R^M'' ^ ||(P/ + aPr)(^(^ + ^^e) + l?{fi})</^||' ^ 

o 

holds for all x ^ Xq , all vectors A; G W^, with |(/^,7)| = vr, and all vector functions (p G 
H^{K;C^^). Set e = a(4v^e)"^ and assume that axo ^ vr|7|"-'^C2 and exo ^ C'{'^,e). 
Then, for x ^ xq , from (1.14) it follows that 

11(1? - W{n})P-v\? ^ 2?-^ ( ||G!P>f + (C"(7, 1))^ ||P>f )^liC^ IIGiP-y^f , 
||(^ - l?{ij})P Vir ^ 26^ (e^ IIGlP Vf + {C'{^,e)f\\P+^f) ^ 
^ 2e' {e' + x-^ (C"(7,e))^) HG^P ^ ^ ||G|P Vf • 
Hence, for x ^ xq (and for all /c G M'' with |(A;, 7)! = vr, and all ip G H^{K; C^^)) we have 

||(P(A; + ixe) + l?)<^f ^ 

^ 1 ||(P(fc + ^xe) + W{R}M^ - 2 11(1? - W{n})P-^f - 2 ||(1? - I?|^})P+<^f ^ 
^ ^ (C| ||G!p-<^f ||G_J:P ) ^ 

^ i (^2' ^ ||P>f + a^x^ IIP Vf ) ^ C^i^ ll^f , 

where Ci = i7r|7|-iC2. □ 
Remark. Theorem 11.11 can be also proved using Theorem 11.41 (see the proof of Theo- 



rem [L2])- 
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Theorem 1.5. Lei = 3, 7 G A\{0}. Suppose V^'^ E L^\n^+^ L{K;S\^^), s = 0, 1, for 
some 6 > 0. Then for any e' > and any S > 1 there is a number Xq = Xo(£:',S) > 
(dependent also on 7 and the functions V^^^) such that for every xi ^ xq there exists a 
number x G [xi,Sxi] such that for all vectors k E M.^ with |(fc,7)| = tt, and all vector 
functions (f G H^{K; C*^) the inequality 

II G:~' P+ Vy^ f + II P- f ^ {e'f ( II g| f + II GI f 
holds, w/ierer = + 

Theorem 1.6. Let = 3, 7 G A\{0}, a G (0,2]. T/ien t/iere exist a universal constant 
Ci G (0, C^^) and a constant c[ > 0, dependent only on a, such that for any e' > and 
for all matrix functions 

Qs 

q=l 

that satisfy {for s = and s = 1) the following conditions: 

1) G I^i{K; 4J) and P^^M n^'^) < +00, g = 1, . . . , , 

2) the essential supports supp V^'''^'* of functions Vq^^ {assumed to be K-periodic func- 
tions defined on space M?) do not intersect for different q, 

4) max f3^,^{Vg^'^) ^c[e' , 

q=l,...,Qs 

there exists a number Xq" > such that for all x ^ Xq", all vectors k eM.^ with \ {k, 7)| = 
71, and all vector functions ip E H^{K;C^^) the inequality 

II G:~' P+ Vif f + II P,- Vif f ^ {s'f ( II Gl P^if f + II Gl p-if f ) (1.15) 
holds {where i/ = i/W + 

Theorems 11.51 and 11.61 are proved in Sections 5 and 6, respectively. 

Proof of Theorem 11.21 Suppose the functions vj'^\ s = 0,1, u = 1,2, 3, and A satisfy 
the conditions of Theorem 10. 2[ and the constants ci G (0,C~^) and c[ > are chosen in 
accordance with Theorem 11.61 (see the conditions of Theorem 10.21 for the functions V^*^'^^): 
ci = cie', c[ = c[e', here e' = ^2 (the constant C2 E (0, 1) (see (1.10)) is determined 
by the magnetic potential A and by the choice of the vector 7 G A\{0} and the measure 
/i G , f) > 0; the choice of the vector 7 depends also on matrix functions V;^^'^\ s = 0, 1). 
Denote 



Given S = ^ , from Theorem 11.41 it follows that there is a number Xq > such that for all 
X ^ Xq , all vectors A; G with \ {k, 7)| = vr, and all vector functions (f E H^{K; C'^'^) the 
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following inequality is valid: 

II ( G:'' P,+ + df' P-){V{k + ine) + Wi)^ f ^ (1.16) 

^'^{C2\\GlP-ip\\'' + \\GlP^ipf). 

Fix a number S > 1. From Theorems 11.51 and 11.61 (applied to the matrix functions V^^*'' 
and V^''*'^ , respectively) it follows that there exists a number Xq"'* ^ maxjxg, 7r|7|~^C2} 
such that for any Xi ^ Xq"'' there is a number x G [xi, Sxi] such that for all G with 

1 (A;, 7) I = TT, and all G ^^(if; C^O we have 

II ( P+ + ) Ky^ ir ^ (^')' ( II g| P V f + II f ) , z/ = 2, 3 , (1.17) 

where Vy = Vi}^^ + V^^^ . Now, inequahties (1.16) and (1.17) (and also the relations 
C2 G (0,1), G^(A;;x) ^ x and G^{k\x) ^ G'j^^(A;;x), iV G A*) imply that for every 

x^i ^ ^ 7r|7|~^C2 and for the number x G [xi,E!xi] chosen as above, the following 
estimates are hold for all /c G with |(/c,7)| = vr, and all Lp G H^{K; C*^): 

C-iM II (:D(A: + zxe) + l?)<^||2^ 

TT 

^ II ( P+ + G~^ Pr ) {V{k + zxe) + l?)v9 f ^ 

^ ^11 (C2"^G:^P+ + G;^Pr)(:P(A; + «xe) + t?i)(^f- 
3 

- 2 J] II (c-^ g:^ p+ + g;^ p,- ) f ^ 
1^=2 

1 1 1 ^11 

^ - (G2 II G_^ p-^ f + II g| p+^ f ) - 2G2-1 5^ II ( G-J p+ + g;^ p,- ) Kv^ f ^ 

i/ = 2 

^i(G2||G_^p-^f +||GfPVf)^ 
^ I (C^2 II P-^ f + X II P V f ) ^ G^-^ M II ^ ||2 , 

4 ^ I7I TT 

where Gi = |7r|7|-iG2. □ 

2 Proof of Theorem D 

Given the vector 7 G A\{0} (e = |7|~^7), for all e G (0, 1), define the sets 
C{e) = C{k,K;e) = {A^ G A* : |x- |fc^ + 27rA^x|| < ex}, 

A; G M'^, X > 0. 

In this Section, Theorem II. 31 is deduced from Theorem 12.11 which is a weakened variant 
of Theorem II. 3 [ Theorem 12. II is proved in Section 3. 
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Theorem 2.1. Let d ^ 3. Suppose V^'^ G L'^{K; S'j^^) , s = 0,1, A e L'^{K;R'^) with 
Aq = 0, R> 0, and there are a vector •y G A\{0} and a measure fi G , i) > 0, such that 
for the magnetic potential A, conditions (Ai), (Ai), (A2) are fulfilled, and, moreover, 
Vj!f '> = 0, s = 0, 1, and An = for all N e A* with 27r\N^\ > R. Then for any 6 G (0, 1) 
there exist numbers a = 0(6*2; 5, i?) £ (0,6*2] (ind xq > 2R {the number xq depends on 5, 
I7I, \), R and on the constants C^{0,W), C* , t, Q, 0) such that for all x ^ xq , all 
vectors k eW^ with |(A;,7)| = vr, and all vector functions Lf G H'^{K;C^'^) n7i(C(i)) the 
inequality 

II P+ {V{k + ixe) + W)ip f + II p- {V{k + ixe) + W)ipf ^ (2.1) 

^ (1 - 5) ( Ci II G^p-ip f + a' II GlP+if f ) , 
holds, where the constant C2 is defined in (1.10). 

Remark. Since xq > 2i?, we see that for all x ^ xq and all vector functions (p G 
H^{K; C^^)nn{C{\)) the equality {Wip)^ = holds for N e A* with \k^+27rN^\ ^ f -i? 
(in particular, {W(p)n = for G A* with k± + 2ttN± = 0). Hence, in the left hand 
side of inequality (2.1), the orthogonal projections P^ may be replaced by the orthogonal 
projections P^^ . 

Lemma 2.1. Under the conditions of Theorem \1.2\, for any e > there is a number 
Xq = XQ{e) > such that for all x ^ Xq , all vectors k G M.'^, and all vector functions 
if G H\K;C^'^)nn{A*\C{l)) the estimate 

\\W^\\<e\\G'_v\\ 

holds. 

Proof. Indeed, set xq = 86~^Ce/io{0,W) (here Ce/io{0,W) is the constant from (0.5)). 
Since G^ik; x) ^ f and G^(/c;x) > l\k + 2'kN\ for all A^ G A*\C{\), we obtain (see 

(1-1)) 

ll^^ll ^ ^ II E (^^- - * ^ ) II + C'e/10(0, W) M = 

j = l 3 



- v'/\K) { \k + 27rAr|2 ll^^f )^/^ + C,/io(0, W) M\ < 

N&K*\C{\) 



^ ( ^ + i C,/io(0, t?) ) IIGi^K £ IIGVII 
2 X 

for all X ^ xo (all k and all p) G H\K- C^^ n 7^(A*\C(i))). □ 

Proof oi Theorem II. 3 [ We write (5i = | . Let a = 0(6*2 ; (^i, -R) £ (0, 6*2] and xq be the 
numbers defined in Theorem 12. 1[ Denote 

^ min{C*2,a}. 



6(1 -5i) 
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Without loss of generality we assume that Xq ^ 4i? and Xq ^ ^oi^), where Xo(e) is the 
number from Lemma 12. 1[ In what follows, we also assume that x ^ xq and the vector 
k E satisfies the equality |(A;,7)| = it. For the vector function ip G H^{K]<C'^'^), the 
equality 

\\{P+ + aP-){V{k + zxe) + W) (^f = (2.2) 

= \\P^^^^ {P+ + aP-){V{k + i>ie) + W)ipf+ 

+ ||pAnc(i) (p+ ^ aP-){V{k + %Ke) + 1?) y^lp 

holds. We shall estimate the summands in the right hand side of (2.2). Since x ^ xq ^ 4i? 
and W^AT = for all G A* with 27r|A^j_| > i?, we see that = ^ for all iV G A* with 
2vr|A^_L| > J. The last assertion will be used below to obtain necessary estimates. We 



have 



\P^^\) {P^ ^aP-){V{k^iKe)^W)^\ = (2.3) 
||pc(i) + aP-){V{k + zxe) + W){ip^^i^ + (^'^d^^'^^^)) || ^ 
^ \\{P+ + aP-){V{k + i>£e) + W)ip^^^^ II- 

- ||pA*\c(|) (p+ + aP-)(:D(A; + ixe) + W) ip^^^^^\\- 

- IIP'^^^) (p+ + aP~){V{k + zxe) + H?) (^'^(D ^'^(s) || . 



Using Lemma [2. H we get 

||pA*\c(i) {p+ j^aP^){V{k + ixe) + W)^^^^^ \\ = (2.4) 

= ||pA*\c{|)(p+ + aP-)|?v^'^(i)\'^(i)|| ^ ||l?<^'^(i)\'^(i)|K£||GV'^(i)\'^(^)||, 

||pc{|)(p++^p-)(p(^ + ,^e) + |y)y,c(f)\c(i)|| _ (2.5) 

= ||P'^(^)(P+ + aP-)l?y.^(t)\'^(^)|| ^ ||l?</^'^(^)\c(|) II ^£||G!v^^(t)\^(^)||. 
On the other hand, from Theorem 12.11 we derive 

\\{P+ + aP-){V{k + i>ie) + W) ^^^^^ f ^ 

^ (1 - 5i) (C2' IIGiP-.^'^^^) f + IIGjP V''^^^ f ) • 
Consequently, from (2.3), (2.4), and (2.5) we obtain 

||pC(i) (p+ + aP-){V{k + ixe) + W) ^ (2.6) 

^ (1 - 5i) ||(P+ + aP-){V{k + zxe) + 1?) v^'^^^) ||2_ 



5i 



||2. 



^iL_il) ||pc{i) (p+ + aP~){V{k + ixe) + W) <^c(t)\c(^) f ^ 
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^ (1 - 5iY {Cl \\G\P-^''^^ f + ||G|P ^'^(s) _ 

_ 2(1 -(^l) ^2 / ||gl^C(|)\C(l) ||2 _^ ||gl^C(|)\C(i) ||2X ^ 

^ (1 - 25i) ||Gip-v9'^(^) f + ||G|P V'^^^) f) _ 

_ 2(1-^1) ^2||gl^C{f)\C(i)||2_ 

Let us estimate the second summand in the right hand side of (2.2). By Lemma \2.\\ we 
have 

||pA*\c(|) (p+ + ap-)(p(A; + ixe) + = 

= ||P^*\c(i)(p+ + ap-)(:p(fc + ^xe) + ^?)((^^*\'^(5) + <^c(i)\c(i))|| ^ 
^ ||(P+ + aP-)(P(A; + zxe) + || _ 

_ ||pc{|)\c(|) (p+ + ap-)(p(A; + zxe) + W) ^^*\^^^ \\ - 

- ||pA*\c(|) (p+ + ap-)(:p(A; + ^xe) + W) || = 

= ||(P+ + aP-)(P(A; + zxe) + || _ 

_ ||pc(|)\c(i) (p+ + ap-)W^^c(|)\c(i) II _ 

_ ||pA*\C(i) (p+ + aP-)l?y,c(5)\c(i) II ^ 
^ ||(P+ + aP-)P(A; + ixe)y5^*\'^(5) || _ 
- II - II - |||?(^C(|)\C(l) II ^ 

^ ||(P+ + aP-)P(A: + zxe)(^^*\'^(^) || - 
-£ ( IIGV^*^'^^^) II + \\G\^^(^\^^h^ II + IIGV'^^^^''^^^ II ) ■ 
Therefore (taking into account inequahties (1.8) and the choice of the number C2 G (0, 1)), 
||pA* \c{i) (p+ ^ ZP-){V{k + ixe) + I?) ^ 

^ (1 -25i) ||(P+ + aP-)P(A; + ixe)^^*\'^(^) f- 

_ 3(l-2,5i) ^2 ||gi^A*\c(i) ||2_ 
25i 

- ^S^^l^ ^2 ( ||gl^C(|)\C(i) ||2 ^ ||gl^C(l)\C(l) ||2^ ^ 

= (1 - 25i) ( ||Glp-<^^*\^(^) f + \\GlP+^'^*\^^'^^ f ) - 

_ 3(l-25i) ^2(||g^^AnC(i) ||2+||gl^C(|)\C(i) ||2^ ^ 

2oi 

^ (1 - 25i) (C^ ||G!p-<^^*\'^(i) IP IIGlPV^*^'^^^) f) _ 
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From the last inequality and from (2.2), (2.6), it follows that the estimate 

\\{P+ + aP-){V{k + ixe) + W) ^ (2.7) 
^ (1 - 25,) (Cl IIG^P^f WGiP^^f) - ^SLllll ^2 ||gi^||2 

Ol 

holds. Finally, estimate (2.7) and the estimate 

imply inequality (2.1). This completes the proof. 
3 Proof of Theorem [231 

First we shall show that it suffices to assume that the magnetic potential A is a trigonomet- 
ric polynomial. Indeed, suppose the functions V'^^\ s = 0, 1, and A satisfy the conditions 
of Theorem 12.11 (in particular, for the vector 7 G A\{0} and the measure G 97l[, , f) > 0, 

conditions (Ai), (Ai), (A2) are fulfilled, moreover, Ao = and V^f^ = 0, s = 0, 1, A^v = 
for all N E h* with 27r|A^_|_| > R). Let ^ : ^ M be a nonnegative function from the 
Schwartz space 5(]R'^;R) such that for the function 



we have Q (0) = 1 and Q (p) = for \p\ ^ 1 (we may assume that the function Q 
coincides with the function JF : M'^^^ — > M considered in Section 1 if we change M'^^^ to 
W^). Let us denote 



[XI = r 



/ A{x ~ y) Q (ry) dy , r>0, xE 



For any r > 0, the functions and A^"^^ (as well as the functions V'^^'' and A) satisfy all 
conditions of Theorem 12. II (with the vector 7, the measure n and the constants 6*^(0, V — 
Ejti^f^ttj) = ^'^(O,^^), C% r, g, e). Furthermore, 

(aW)^ = 6;^(-^)A;v, nea*, 

hence, {A^''^)n = for 27r|A^| ^ r. Now, if we suppose that Theorem 12.11 is already 
proved for the matrix functions V^^\ s = 0, 1, and the magnetic potentials A^'^^ (which 
are trigonometric polynomials), r > 0, then for any 6 E (0, 1) there exist numbers Xq > 2P 
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and a G (0, 1) (independent of the number r > 0) such that for all x ^ Xq , all vectors 
keR'^' with I (A;, 7) I = vr, and all vector functions (p E H^{K; C^On?i(C(|)) the inequality 

d 

\\{P+ + aP~) {V{k + iKe) + t/ - ^ Afa, )0f ^ (3.1) 

i = i 

^ (1 - 5) ( Cl \\G\p-ipf + a" WGlP^i^f ) 

holds. On the other hand, A e L'^{K;W^) and \\A - A^''"^\L2(^K■,R'i) ^ as r ^ +00. 
Hence, assuming that the vector function is a trigonometric polynomial and taking the 
limit in (3.1) as r ^ +00, we obtain inequality (2.1). Since trigonometric polynomials 
from the set 7Y(C(|)) are dense in H^{K; C^'^) fl 7Y(C(^)) (with respect to the norm of 
the space H^{K;C'^^)) and the magnetic potential A obeys condition (Ai) (therefore, 
Yl'j=i ^j^j ^ ^Aii^'j 0))' th^t inequality (2.1) holds for all x ^ xq , all A; G M*^ with 

|(fc, 7)1 = TT, and all vector functions ip G H^{K;C'^^) fl H{C{^)). Thus, without loss of 
generality we shall assume that the magnetic potential A : R'' ^ R'' is a trigonometric 
polynomial. 

Since the number f) > can be chosen arbitrarily small, we shall also assume that 

In this Section, we use the method suggested in [46] (also see |l2]). Lower bounds for 
the number xq > 2R are specified in the course of the proof. Adding new lower bounds, 
we assume that all previous bounds are valid as well. Let 5 G (0, 1). We write 5i = | , 
(^2 = I . Let us denote 

C3 = 1 + r + ^ g . 

IT 

Suppose a number e G (0, |] satisfies the inequality 

3 V J 2 

If X ^ xo > 2i?, A; G R"', A G C(i) and A' G A* with 27r|AX| ^ R, then \k± + 
2n{N± + A;)| > f - i? > and 

2 n 

I e(k + 27r(A + A')) - e(k + 27rA) I < — . (3.2) 

X 

There are numbers c = c(?) > and Xq > (c + A)R such that for all x ^ xq ^ Xq , 
there are nonintersecting (nonempty) open (in Sd-2{e)) sets C Sd-2{e) and vectors 
E fix , \ E C = {1, . . . , \o{d, e, R; x)}, such that 

1) \ e-e^ \ <p = c^ foralleG^A; 

2) I e' - e " I > ^ for all e' G Qx^ , e" G , Ai A2 ; 

3a) meas 5'd_2(e)\ IJ;^ r^A < ^ e meas 5'd_2(e), where meas stands for the (invariant) 
surface measure on the {d — 2)-dimensional sphere 5*^-2(6). 
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The sets fix and the vectors e ^ may be substituted by the sets © Qx and the vectors 
© (which also have properties 1,2, and 3a), where © is any orthogonal transformation 

of the subspace {x G M*^ : (x, 7) = 0}. Therefore, choosing an appropriate orthogonal 
transformation © of the subspace {x G : {x, 7) = 0} and using the notation Qx and 

instead of QQx and © respectively, we can also assume that for the vector k E 
with |(/c,7)| = 71, and for the vector function (p G H^{K;C^) fl H{C{^)), the following 
property is fulfilled (for both signs + and — ) : 

3b) 

J2 II G%{k; x) i^,^2.iv) 'PN r < ev-\K) \\ GlP^ip f ■ 

AfeC(|): e{k+2TrN) ^[J ax 

The sets fix and the vectors depend on d, 7, e, R, x, and also on the chosen vector 
keM.'^ with \{k, 7)1 = TT, and on the vector function ip G H\K; C^) f] 7i(C(|)). 
We introduce the notation p — p+^ ^ p' — p + ^ . Let 

2R ~ 
= {e G 5'„_2(e) : \e — e'\ < — for some e' G fix} ■, 

X 

_ _ _ AR _ ~ 

fl'x — {e & Sn-2(e) : I e — e' I < — for some e' G fix} ; 

X 

fix C fix C fl'x ■ The sets fi^ do not intersect for different A G Moreover, | e'—e" \ > ^ 
for all e' G flx^ , e" G flx^ , Xi ^ X2 ■ 
We write 

iCx = iCx{k, x; (^) = {TV e C( ^ ) : e(A; + 2nN) G Qa} , 
JCx = /Ca(A;, x; (^) = {TV G C( i ) : e(A; + 27riV) G fix} , 

IC'^ = IC'^ik, x; ^) = {iV G C( i ) : e{k + 27riV) G l^^} . 

Property 3b imphes that for the vector function (p G H^{K; C^) fl 7i(C(|), we have (for 
each sign) 

II G^pV''^"^^ ^ IP ^ £ II GiP^^ IP . (3.3) 
Without loss of generahty we assume that £2 — e. For each index A G £ (and for 
already chosen k, x, and (p), we take an orthogonal system of vectors fj^^ G S^^i C 
J = such that = e^, ^82^6. We let = {x,s!j^^) denote 

the coordinates of the vectors x — Yl'j=i^j^j ^ (^j^^' -^i'^^' ^j'^^' ^i'^^ 
coordinates of the vectors A; G R*^, G A*, A, and A{e^; .)). Let £^^^ = Y^tiT^^^^i , 
j^l,...,d. Then = Eti^i^^A and ^.^)(.) = E?=i ^A(e^ .)■ We introduce 
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the notation Sj^^ = Ylt=i "^ij^^i i 3 = ■ ■ ■ id (the matrices aj^^ e Sm satisfy the same 
commutation relations as the matrices Sj). The following equality is valid: 

where e^-^^ = 1 for j = 2 and e^-^^ = for j 7^ 2. 

For the Fourier coefficients {A^^'')n- of the functions j = l,...,d, we have 

(1^)^ = /2(27riVf))(AfV if = A^2 = and (IfV = if ivf ^ 0. (Here, 
(AJ.^V are the Fourier coefficients of Af\ N e A*). 

For s = 1, 2 and A e £, let (J)*^^'-^) : M*^ — > R be the A-periodic trigonometric polynomials 
with the Fourier coefficients = = if N^^'^ = A^^^^) = and 

= (27r^ ((iVj'V + (ATfV) ( ATj^^Ai') - IS'V + iVf ^(4'^ - ) , 

= - ( 27ri ((Ar(^))2 + (7VW)2) )-^ ( Tvf )(aS") - - ArW(4^) - 1^)^ ) 

otherwise. 

Lemma 3.1. There is a constant C*(f)) > such that 

Proof. Let r/(.) G C°°(M;M), ?7(0 = for ^ ^ tt, ^ r^(0 ^ 1 for tt < ^ ^ 27r, and 
r]{i) = 1 for ^ > 27r. For 6 , 6 e ^ (and + ^| > 0), we set 

6) = ^if^ £^ ^ Jo (eVeTKl ) , 

where Jo(.) is the Bessel function of the first kind of order zero. The estimate 

|G(6,6)l^^=i= (3.4) 

V + a 

holds. The choice of the function ri{.) imphes that 

1^(6,6)1 •(ei'+e2y-o (3.5) 

as + CI ^ +00 for all /3 ^ (whence G{., .) e L«(R2), 5 e [1, 2)). We write 

Gi{t;^,,^2)=t-'Git-%,t-%), t>0, 

and G2{t; ^2) = Gi{t; ^2, Ci)- an arbitrary continuous A-periodic function F : M."^ —>■ 
R, we set 



(F *A Gs(t; ., .))(x) = / / Gs(t; ^i, 6) F(x - Cie^ - 6e) d^,d^2 , x e R^ s = 1, 2 . 
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In this case, (F *xGs{t; ., .))n = if A^f ^ = A^f ^ = and 



(A) 



Otherwise (here N e A*). If TVf ^ = and \n[^^\ ^ J), then (A(.) - A{e^; .))iv = 0. On 
the other hand, if A^f^ 0, then |ArW| = \-f\-^\{N,-f)\ ^ \-f\-'^ ^ f). Therefore, 

27r = (4") - 4')) *A Gi(r ^ ., .) + (4'^ - A'^) *A G^ir'; ■) , (3.6) 

Estimate (3.4) yields 

Hence, from (0.12), for all x e R*^, we obtain 

|G.(r';ei,6)| • |^(^ - eie' - 6e)| cieicie2 ^ . 

The last inequality and (3.5) imply that there exists a constant C*(f)) > (dependent on 
f) and the constant C*) such that for all x eM.'^ (and all s G {1,2}, A e £), we have 

ia(r';ei,6)l • l^(^ - - 6e)| ^ I c*(f)) . 

Consequently, we also have 

Finally, using (3.6), (3.7), and the inequality ^ /i(0) = 1, for s = 1,2 and A e £, we 
derive the claimed estimate. □ 



Let us denote 



dxi"^ dx 

p(A)^p{A)_^(A)^(A)_^(A)^(A)^ 

We have 
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We also introduce the notation 

p(A)^p(A)_^(A)g(A)_^(A)^(A)_ 

Since 

the following identity is true: 
We shall use the brief notation 

The relations 

^± ^ P\ = ' ^^^^ ^a"^ = -Pa^ ^^^^ 

hold (these relations are important for the sequel). For all vector functions -0 € H^{K; C^), 
we get 

pWp ± V' = XI ((A;?^ + 27r7Vf ^) + i(x ± {k[^^ + 27r7Vf ^))) V'at e ''^^ ^^'^^ . (3.9) 

We A* 

Let us introduce the operators (acting on the space L'^{K; C^)) 

Gl±^= X ((4^^ + 27r7Vf^)2 + (x±|A;f) + 27riVf)|)2)'/'V'jve2'^^(^'^), (3.10) 
iVe A* 

e I^(G^\±) = H\K; C^) c L2(ii:; C^), A G £. Since x ^ xq > (c + 4)i?, we see that 
for all N ^ K,'-^ the condition 

I e(A; + 27riV) - e ^ I < p' = ^^^tii? < 1 (3.11) 

X 

is fulfilled. Hence, k^^^ + 27rA^i^^ > and from (3.9), (3.10), for all vector functions 
i) e H\K] C^) n nilC'x), we derive 

\\v'i'^P^^l:\\ = \\GlJ^^l:\\. (3.12) 

Denote 

61 = ^ (c + 2)i? + ^ M (c + 2)2i?2 , 6, = i (c + 4)i? + ^ M (c + 4)^7^2 . 

Z 4 TT Z 4 TT 
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Lemma 3.2. Given a number x ^ Xq , a vector k e R*^, and a vector function (f e 
H\K;C^)nn{C{l)), the estimates 

WiGlP^ - GlJ,^)i^\\ ^ ^ II GlV II , e n{]C,) , (3.13) 

||(GlP±-Gi±P,±)^'|K| IIGiV^'ll, ^|^'en{IC',), (3.14) 
hold for all X & C. 
Proof. For vectors N e JCx, we have 

|e()t + 27r7V)-e^| <p=^^±^<l. 

X 

Hence, from (1.4), we obtain 

ll(^^-^A^)V'IK pIIV'II, V'e7i(/C,). (3.15) 

The estimate 

\\{p^-p,^)i^'\\^p'm,i^'^n{n) (3.16) 

follows from (3.11) and (1.4). 

If e' G Qx , then \e — e''^\ < p and 1 — (e, e^) = | je'— e''^| < | p^. Therefore, for all 
vectors N & ICx (for which e{k + 2tiN) G I^a), wc get 

I |x± + 27rA^^| I - |x± (^1 + 27rA^i)| I ^ 1^;^ + 27rA^^| - {ki + 27rA^i) = 



Whence 



= (1 - {e{k + 27riV),e^)) \k^ + 27riV^| <- \k^ + 27rA^^| <-^p^>i. 



II {Gi - Gl^) ^11 ^ I p^K m = I (c + 2)' ^ e i7i(i^; C^O n 7i(/C,) . (3.17) 

Analogously, it follows that 

II (Gl - J n<lic + 4)^ ^ IIV^'II , ^' e H\K; C^) n 7i(/C;) . (3.18) 
' 4 X 

Now, from (3.15) and (3.17), for the vector function V' e H\K; C^^) nn{JCx)), we obtain 
the inequality (3.13): 

WiGlP^ - GlJx^) ^ K ||(P^ - Px^) II + II (Gi - JP,^^ II ^ 
^lp\\Gli^\\ + lp'><\\Px^^\\< 

^-^I±^\\Gin^l^^±^m^i 

Ah 4 X X 

Inequality (3.14) is proved similarly (using estimates (3.16) and (3.18)). □ 
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In the sequel, we shall use the notation 

On the space L'^{K; C*^), we define the orthogonal projections P't^^J', A G £, that take 
a vector function G L^{K; C^^) to the vector function P^^^^ tjj for which (pi^^J' tp'^j^ = 
ipN \ie{k + 2TxN) e ilx and (P^*^^^ V^)Ar = if either the vector e{k + 2TrN) is not defined 
(for k± + 2'kN± = 0) or e{k + 27iN) ^ fl\ . By analogy with the orthogonal projections 
p{^\}^ define the orthogonal projections P^^^j' (replacing the sets Vlx C S'„_2(e) by the 
sets fl\). 

For all vector functions G L'^{K; C^'^), we have 

II (P^ - P^) P^^^> ^ IK ^ P II ^^^^^ ^ II • (3.19) 

Since x ^ xq > 4P (and G H^{K; C^^) fl 7Y(C(|))), we see that in the case, where 
{V{k + ixe) + W)n y^O, N eA*, the estimate 



fc, +27rA^i| > ^-R> ^ 



holds. 

Lemma 3.3. If N E K,\ , then 



d 



J2 (kp + 2^^i £j I < ^ (c + 2)P . (3.20) 

i=3 



Proof. Indeed, 

d 

I J2 (^i^^ + 2vriV/^)) I = I A;^ + 27tN^_ - [k^ + 27riV^ , e^) | ^ (3.21) 



i=3 



^ I e(fc + 27rAr) - e ^ | . | fc^ + 27rAr^| < p\k^ + 2'kN^\ = ^^^'^^^ | + 27rN^ 



At the same time, the definition of the set C(|) implies that | + 27riV_L | < | x. Therefore 
inequality (3.20) follows from (3.21). □ 

From estimate (1.2) (under the change k k — xe^) and Lemma [3.3[ for all e > 0, 
we obtain 

II W^t II ^ II V^x II + II 1^1 II ^ (3-22) 
^e\\J2 (k, - xe/ - z — ) || + C;(0, W) \\ II ^ 



5xj 

^ £ II ((A;i' ' -K-i —j^ )a\' \{k\' -% —j^ )ay) \\ + 
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+ HI E (^f ^ -'irw) Va^ II + CM w) II II ^ 

< e II Gl II + ( f (^+ 2)i? + CM W)) II II . 



Whence 



II ) II ^ II W^V^A^ II + II E (^f ^ - ^ A) ) «f Va^ II ^ (3.23) 

^ e II G.V^a^ II + ( ^-^^ (c + 2)i? + CM, W)) II II . 

Given N E JC'^^, the following inequality is proved in the same way as inequality (3.20) 
(see the proof of Lemma [3.31) : 



|X;(A:f) + 2vriVf))£:f)|<^(?+4)i?. 
i = 3 

Therefore, by analogy with inequality (3.23), for all e > and all vector functions ip ^ 
H\K; C^) n n{}C'^), we also derive 

ll^f ^K^I|G,V^||+C3«(.)||^||, (3.24) 

where C] (e) = (c + A)R + CM, W). 

We write 

Cg' = 3(c + 2)i? + Ci'(0, 1?) , C4 = 1 + — Cg' . 
Choose a number a G (0, 1) such that 

max{Q^^^6n<^(l-?)C^^ 
Suppose a number ei G (0, | ] satisfies the inequalities 

Let us denote 



C3(^i) = ^(c + 2)i? + c;(o,iy). 



3ei 

y 

From (3.16), (3.22) (for e = ei), and (3.23) (for e = 1), it follows that 

II P^^^^ P- {V{k + ixe) + W) ip'^' II = (3.25) 

= ||P^^^}p,-(:DW+:Di"))y.'=^ II ^ ||P^^^>:DW^+||-||P^^^>:DfVA"ll ^ 

^ II Pi^^i P II - II iA['^a['' + II - II Va II ^ 

^ll^o^'^^A+ll-lll^lv^A+ll-ll^fW 11^ 
^ II ^+ II - (.1 II V^A^ II + C^3 (^1) II II ) - ( II GaV V^a" II + C3 II V'a" II ) • 
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Lemma 3.4. For all A G £, 

\\V^'^lf^\\^C2\\Gl_if^\\. 
Proof. From (3.12) it follows that 

II ^0^'^ ^a" II = II II . (3.26) 

By (1.9), (3.9), and the equality (3.26), we obtain 

II {A['^a['^ + A^^^ai'^) \\ ^ \\ \A\ \\ ^ (3.27) 

^ - (II (ki'' - X- z ir + ||(A:f - ^-^) + Q II II < 

^ T II Pi") II + g II II = r II Gl_ II + g II II . 

Whence 

II ^ II ^ II ^0^'^ ^a" II - II ^^^M^ + ^^'^«^'^) ^a" II ^ (3.28) 

^(1-r) ||Gi_^A I|-^?II^a"II- 
Now, we use identity (3.8). Denote 

Xa = e e "2 « . 

Since the functions s = 1,2, A G £, are trigonometric polynomials (and ^^'^^ = 

for all vectors G A* with A^ = 0), we have x\ ^ H^{K;C^). Furthermore, the 
operator commutes with the operators of multiplication by the function e~**'^'^' and 

by the matrix function e~*"i Using Lemma l3.ll inequality (0.13) (condition 

(A2)), and inequality 

II^o'^XaII IIxaII, (3.29) 



which is a consequence of the choice of the vector k with |(fc,7)| = vr (see (3.9)), we 
get 

||P(^)^;:|| ^e-^ll^ll^*('') ll^i^^XAll > 

^e-\ "HI W ( II ^ (A) II _ II (4A)S(A) + ^(A)^(A)) II ) ^ 

^e-ill'^ll^'(^)(||p(")xA||-|| |I(e^.)IXA(.) II) ^ 
^ e " i "HI W (1 - ^) ^ IIxaII ^ (1 - ^) ^ e-IIHI ^* || || . 



Multiplying inequality (3.28) by (1 — 6^) -j^ e "^'H ^* , multiplying inequality (3.29) by g, 
and adding them together, we derive the claimed estimate. □ 
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Now, let us get estimate (3.33), which complements estimate (3.25). By (3.2), (3.12), 
and Lemma [3.41 we have 

||p{f^A}p{A)p^-^/c{ II _ (3.30) 
= II Pi"^> (:Do(') - ^S'^Sf ) - A^^^af^) P,- II = 
= II V^'^ (<^'=^\^^ + <^^M - P^^^> (Al'^Si") + ) ) P- (<^'^a\^^ + v9^^ ) II = 

= II :D W + Po^") P,- ^'^>^\'^^ - P^^^} (Ai'^al") + 4")a(') ) P,- ^'^^^^^ II ^ 
^ II ^- II - II Po^') P,- ^'^^^^^ II - II iA['^a['^ + ) P- ^'^'-\^- II ^ 

^ C2 II II - II Px V""'^^' II - II 1^1 ^a" ^''^^^^ II • 

At the same time, from (1.9), (3.9) and (3.12) (by analogy with the estimate (3.27)) it 
follows that 

II |A| P^ (^'CaV^a II ^ ^ II Ql _ p- ^IC^\iC, II _,_ g II p- ^IC^\iC, II ^ (3^3^) 

and (for e = ei and ip = P^^ (p'^>^ ) inequality (3.24) implies 

II ^a" ^'''^W^ ^1 II P+ v^^^^ II + Ci (^0 II P+ ^>^'^\\. (3.32) 

Whence (see (3.30), (3.31), (3.32)) 

II P^^^^ P+ {V{k + ixe) + W) ^'^'^ II = (3.33) 

= ||P^^^>P+(pW+pf))y;'=^|| ^ ||P^^^>:DWP;^-yp'^A|| _ ||:Df)p+y,'CA|| ^ 

^ C2 II Gl_^^ II - II Gl_ P,- ^^^\^^ II - (r II P,- y.'^^^^^ II + g II P,- II )- 

- (.1 II Gl_P,^ II + C« (e,) II P+ v^'^^ II ) ^ 

^ ^2 II Gl_^^ II - ^3 II Gl_P,~ ^^^\^^ II - II Gl_ P+ (/.'^^ II - Gi (5i) II P+ II . 

In what follows, we assume that G-^ (ei) ^ SiXq . Then Cg (^i) ^ ^iXq as well. Since for 
all vector functions ip G H\K;C^^) n n{}C'^) the inequalities ||G^^ _^|| ^ ||G^^, + ^|| and 
x||'?/'|| ^ IIG^ _^ip\\ hold, we derive (for all x ^ xq and all A G £) 

ei II II + Cs (^i) II ^A^ II ^ 2^1 II GaV V^A^ II ' 

^1 II P/ (/.'^Ml + (si) II Pa^ V^'^MK II P+ (/.'^Ml • 
Hence, from (3.25) and (3.31) it follows that 

II P^^^> P- {V{k + zxe) + W)^^^\\^ II + ^+ II - 251 II Gl^^^ \\ - G, \\ G.^ ^a" II , 

II p{nx} p+ (^(^ _^ ^^g) + ^y) ^'Ca II ^ 

^ C2 II ^a" II - 2ei II + P + y.'^^ II - Gs II Gi„ i^A^ V'''^^^^ II • 

32 



Using Lemma \^72\ (inequalities (3.13) and (3.14)), from the last estimate we get 

II P^^'^ {V{k + ixe) +W)^'^^\\^ (3.34) 
^ II II - 2^1 II V'^' II - C4 II Glp-yp'^^ II- 

- ^ ( II II + 2.1 II Gl^'^^ II + C4 II GV''^ II ) , 

II P^^^} P+ (P(A; + ixe) +W)^'^'^\\^ (3.35) 
^ C2 II G^p-ip'^^ II - 2£i II GlP+^'^^ II - C3 II GiP~(/?'^A\^A ||_ 



- ^ ( II Gl^^^ II + 2e^ \\ G^'^^ || + G3 1| G!^'^^ 



From (3.2) and (3.19) (for a number x ^ xq , a vector A; G M'^ with |(/i;,7)| = vr, and a 
vector function Lp e ^^(iT; C^) n 7^(C(|))) we obtain 



^ II P^^^> P^" (P(A; + ixe) + 1?) (/^'^^ II - - II P^^^^ (^(A; + ixe) +!?)</? 



II p{f^A} p + (p(A; + ixe) + I?) II ^ 
^ II P^^^^ P+ {V{k + zxe) + 1?) p)^'^ II - ^ II P^^"^ (^(A^ + «xe) + 1?) 
Whence 



P + (P(fc + zxe) + ly) V? f + II p-(r'(fc + zxe) + VT) f ^ (3.36) 
^ 5^ II -P^^^^ P^{V{k + ixe) + W)p) f + 

A 

+ a^Y^ ||P^^^>p-(P(A; + zxe) +l?)v?f ^ 

A 

^ (1 - 5i) ^ II P^^^^ P+ {V{k + ^xe) + 1?) v?'^^ f + 

A 

+ (1 - 5i) ^ II P^^^> P,- (:D(fc + ^xe) + W) ^'^^ f - 

A 
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Furthermore, 



^ II P^^^> (:D(A; + ixe) + 1?) ^ f ^ II (P(fc + 2xe) + 1?) ^ f ^ (3.37) 

A 

^ \ {\\ P + iV{k + ixe) + W) <pf + \\ P- (V{k + iKe) + W) <p f) . 
a 
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Next, suppose the number xq satisfies the condition 

and X ^ xo , then (3.36) and (3.37) yield 

(1 - ^2)"^ ( II P^{V{k + ixe) + W)(p 11^ + \\ p-{V{k + ixe) + W)(p\\'^)^ (3.38) 
WP^""'^ Px {'^{k+i>te) + W)^'^^ \\^+a^ ^ \\ P^""^^ P^ {V{k+ixe) + W) ip'^^ \\\ 

A A 

On the other hand, from estimates (3.34) and (3.35) it follows that the right hand side of 
previous inequality (3.38) is greater than or equal to 

(l-5i) (^C^ J2 \\Gip-^^'\\^ + a^ Yl II^^^V^Mr) - (3.39) 

A A 

- f (2£,)2 ^ II V'^A ||2 + d II G!P-(^^a\^a ||2 + 
^ ^ A A 

+ a' {2e,f J2 II GlP+^'^' f + a' Cl ^ || G!P>^^ 11^+ 

A A 

+ 4 E II ^-'^^^ II' + (2^1)' E II ^^''^ II' + ^3 E II II' ) + 

^ ^ A A A ^ 

+ ^ ( E II II' + (2^0^ E II ^^''^ II' + ^4 E II ^-^''^ II' ) ) ^ 

A A A 

^ (1 - Si) (cl J2 II G'_p-ip^^ \\' + a'Y\\ GlP+^^^ f - 

^ A A ^ 

- ^2^^ ( (1 + «')(2£i)' II G|P+v^||2 + Cl J2 II GiP-v.'^^^^^ f + 
+ a' Cl II G!P> ||2 + +^ ( ^2 C2 + bl Cl + 6? ^2 ^ y g 1^ ||2^ 



1 



+ ^ (6^(2ei)' + a^6? + a2 6?(250')||G>|p 
Let us now use condition 3b (also see (3.3)) which yields 

J]||G1pV^ r>{l-e)\\GiP^^\\\ 



Y II G!P-(^^a\^a ||2 ^ g-y Gip-(^ ||2 
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Since 

II G'^ip f = II G'_p-ip f + II GiP V f ^ II GiP> f + II GIP-^ f , 
II G> f = II V f + II GlP-ifi f ^ II G|P V f + ^ II P_V f ^ 



^ II Gj.PVf+ ? ^ x^llG^P^II^ 
4 vr^ 



and C2 G (0,1), a E (0,1), ei G (0,|], bi < &2 , using (3.38) and (3.39) we deduce the 
estimate 

(1 - 52)"^ (( II P^{V{k + ixe) + W)^ f + II p-{V{k + ine) + W)^\\'^)^ (3.40) 
^ {I - 61) {I - ^ [ClWGlP- + \\GlP+^f) - 
- ( (^-C^l + a'Cl + I ^ (2(2.0^ + a^) bj + 

+ (1 + C| + CD ^ ) II G'_P-^ r + {2{2e^r + (4 + C| + Q^) ^ ) || G|P+^ |p ) . 
Finally, suppose that the number xq also satisfies the conditions 

{1 + G! + Gl)bl^^jil-2)GI^4, iA + Cl + C!)bl^^jil-e)a^^>.l 
From the choice of the numbers e, a, and ei it follows that 

2(2ei)^<|(l-?)a^^, 



and e ^ I . Therefore, from (3.40) for all x ^ xq (all k E M.^ with |(A;,7)| = vr, and all 
vector functions Lp E H^{K; C*^) fl 7i(C(|))) we get the inequality 



||P + (P(A; + ixe) + W)ip\\' + a'\\P'{V{k + ixe) + W)p\y ^ 

^ (1 - ^2) (1 - 5i) (1 - (1 - ^ ) (C2^ ||G!P"^f + ||G|P VII 

(C^^IIGip-^f + a^||G|PVir)- 
This completes the proof of Theorem 12.11 
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4 Proof of Theorem 11.41 



Lemma 4.1. Let 3. Suppose 7 G A\{0}, W G L'^{K;Mm), and \ \\ W\\\^^m < +00. 
Then there is a number c* = c*{'y) > such that for all x ^ 0, all vectors A; G M*^ with 
7)1 = 71, and all vector functions ip G H^(K]C^^) the inequality 

WGZ^'W^W ^ c* |||I?|||^,M II II 

holds. 

Proof. From (0.11) (for e = 1) it follows that for all x ^ 0, all G M*^, and all G 
H\K;C^^) the estimate 

IIW^V'K lll^lll7,M(t;^(^)( Yl l^ll+2^^lll'll^ivf )^+C^'(7,l)ll¥'ll) ^ (4.1) 

NeA* 

^ lll^lll7,Af(||G!v^||+C'(7,l) Ibll) 

holds. For any vector function tjj G L^{K; C'^'^), we have GZ^ip G H^{K] C'^^). Therefore, 
from (4.1) (taking into account that G^{k] x) ^ 7r|7|~^, G A*, if |(fc, 7)| = tt) for all 
X ^ 0, all A; G with |(A;,7)| = vr, and all ^ G L'^{K] C^^) we obtain 

||w?Gr'^IKc*|||ty|||^,M||^ll, (4.2) 

where c* = 1 + /t^^|7|C"(7, 1). The same inequality is fulfilled for the adjoint matrix 
function W* G L'^{K;Mm) (for which |||1^*|||7,M = III ||l7,A.f < +00). Hence, for 
the operator {W*Gl^)* which is adjoint to the operator W*Gl^, estimate (4.2) is also 
satisfied. Since {W*GI^)*^Ij = GI^W^/j for all vector functions ijj G H\K;C^^), we 
conclude that for such vector functions ip the following inequality is also valid: 

||Gr^i?^|| ^c*|||iy|||7,A/||^||. (4.3) 

Let now use the interpolation of the operators WGZ^ and Gl^W (see [HI [3]). Consider 
the analytic operator function C —>■ G'lWGZ'^^'' defined for C G C with — 1 < Re C < 0. 

For a vector function G H\K;C^'^), the function C ^ G^WGI^'^'^ G L'^{K;C^^) is 
also analytic. Moreover, it has continuous bounded extension to the closed set {C G C : 
-1 ^ Re C ^ 0}. If either Re ( = or Re ( = -1, then from (4.2) and (4.3) we get 

\\GiWGI^''^^\\ ^c*|||1?|||7,m||^||. (4.4) 

Therefore estimate (4.4) is true for all E C with — 1 ^ Re C ^ 0. In particular, for 
( = -1 (and for ^ G H\K; C^^) we obtain 

II g:^wg:'^^ II ^ c* III I? ii^,A.f iiv^ii . (4.5) 

By continuity, inequality (4.5) holds for all vector functions ^ G H ^ (K;C^^). Finally, 
since any vector function ip G H^{K;<C^^) can be represented in the form ip = G_'^ip, 
where ijj G H^(K; C^), the inequality claimed in Lemma l4?T] is an immediate consequence 
of inequality (4.5). □ 
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Proof of Theorem 11.41 Fix a number 6 G (0,1). Let us choose a sufficiently large 
number R> such that 

where c* = c*(7) > is the constant from Lemma [4. II The functions V|^j , s = 0, 1, and 
Aj/j} satisfy the conditions of Theorem II. 3 j therefore there are numbers a = 0(6*2; f ? -R) £ 
(0, C2] and Xq > such that for all x ^ Xq , all vectors A; G M*^ with \{k, 7)! =7?, and all 
vector functions ip G H^{K; C*^) the inequality 

||(P+ + aPr)(% + *>^e) + l?|^,})(/.f ^(l-^)(C'|||GiP>f + a2^ (4.6) 

holds. Instead of the vector 7 G A\{0}, in conditions (Ai), (Ai), and (A2) we can pick 
the vector —7. Under the replacement of the vector 7 by the vector —7, the measure n 
and the constants C2 and a do not change. The number Xq (which coincides with the 
number xq from Theorem 1 1 . 3 1 and is determined by the number | and the function W^ny) 
do not change as well. Nevertheless, the orthogonal projections and P~ are replaced 
by the orthogonal projections P~ and P^^ , respectively. Therefore, along with inequality 

(4.6) , the inequality 

\\iP~ +aP+)iVik-^^e) + W{n}Wr ^ {l-^-)iC,'\\G'^^^^ (4.7) 

holds. Since W G L^f ((i; 0) (hence, also W{r} G L^/ ((i; 0)), the operators 'D{k±ixe)+W{R] 

are closed and from (4.6), (4.7) it follows that their ranges R{V{k ± ixe) + W^^j) are 
closed subspaces in L'^{K; C^). We have 

{V{k + ixe) + W{R}) * = V{k - ixe) + W{r} . 

Consequently, from (4.6), (4.7) we see that 

Ker {V{k ± ixe) + W{iiy) = Coker {V{k ± zxe) + W{iiy) = {0} . 

The last equalities mean that the operators V{k ± ixe) + W^^j (for x ^ Xq ) are bijective 
maps of D(V{k ± ixe) + W^r}) = H\K; C*^) onto L'^{K; C*^). From this, using (4.6), 

(4.7) , for all x ^ Xg , all keR'^ with |(A;,7)| = vr, and all ip G L'^{K; C^^) we obtain 

II {C2G'_p-+a G| P+) (P(A; + ^xe) + W{r})-' (P+ + P')^ f ^ (4.8) 
II (C2 P+ + aGl P-){V{k - ixe) + W^R^)-\p- + P+)^ f ^ (4.9) 
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Estimate (4.9) is also valid for the adjoint operator 

((C2 P+ + aGl P-) {V{k - iKt) + (P- + P+)) * , 

hence, for all ^ G }1^{K; C*^, 

II (P- + P+) {V{k + zxe) + (C2 P+ + 2 G| P,-)^ f ^ (4.10) 

Let us now use the interpolation of operators (see |171 [3] and also the proof of Lemma 
|4l]).^From (4.8) and (4.10) it follows that for all C e C with < Re C ^ 1 (and all 
il) e li^{K; C^)) the inequality 

is fulfilled (we also use the uniform boundedness on the closed set {C G C : ^ Re C ^ 1} 
of the vector function from the left hand side of the last inequality; it follows easily from 
(4.8)). For C = I , the last inequality has the form 

II {C} g'iP- + Gl P+){V{k + iKe) + W{R})-\Gi G^l P+ + G| P,-)^ f ^ (4.11) 

By continuity (see (4.8)), estimate (4.11) is true for all vector functions ip G H^{K; C^^). 
Since any vector function (f G H^{K; C^) can be represented in the form 

^ = {V{k + ixe) + W{R})-\Gi Gl P+ + Gl p-)^^ , 

where V e H ^K;C^^),jTom (4.11) it follows that (for all x ^ , all G M"^ with 
I (A;, 7) I = TT, and all (f G H\K; C^'^) the inequality 

II {G,'' GJ^ P+ + P-) {V{k + iKc) + W{n^)v f ^ 

> (l-^)ll(G2^Gip- + G|P+)^f 
holds. Finally, using the estimate 

II G:^ {W - W{R})v f ^ {c*f \\\W-W{R}\\ II G_V f ^ 
^ 1 5^ G,2 II G_V P ^ ^ C'l ( II g'i P-^r + W Gl P V f ) 
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which is a consequence of Lemma [4. for all x ^ Xq , all vectors A; G with \ {k, 7)! = tt, 
and all vector functions (f G H^{K\ C^^) we obtain the inequality 

II [cP G'J P+ + P-) {V{k + ixe) + 1?)^ f ^ 

^ ( 1 - ^ ) II g:^ p+ + g;^ p,-) (^(a; + i^e) + f - 
- 1 II (c^^^ g:^ p/ + g;^ pr)(w^ - w^r})^ f ^ 

^ ( 1 - y ) II (^2" P- + G| P+)v9 f - - G2-1 II g:^ (ly - l^iK})^' f ^ 

^ ( 1 - y )( II G_^ P> f + II g| PV f ) - ^ G2 ( II G_^ P> f + II g| P V f ) ^ 

^ (1-5) (G2||Gip-<^f + ||G|pVl^)■ 
Theorem 11.41 is proved. 



5 Proof of Theorem 11.51 

In this Section we shall use the modification of the method suggested in [M]. 

Let # O denote the number of elements of a finite set O. By d{K*) denote the diameter 
of the fundamental domain K*. For a measurable matrix function W : K ^ M.m and a 
number a ^ 0, we write 

otherwise. 
If = (W^p,)p,,=i,...,M e L\K-Mm), then 

M 

E ii^^ii'^ E E i(w^p.)^i'= (5-1) 

AfeA* AfeA*p,q = l 

= t;-^(K) / f E IW^P^WI'V^ ^ / llW^Wff^a;. 

First we shall obtain some auxiliary statements which will be used in the proof of 
Theorems 11.51 and II. 6[ 

As above we suppose that the vector 7 G A\{0} is fixed, e = |7|^^7. Choose a number 
S ^ 1 (we set H > 1 in this Section and S = 1 in Section 6). Let V = V'^'^'> + V'^^\ where 
t/W G Ll,{K]S^l]), s = 0, 1. For the Fourier coefficients vlf \ N G A*, of the matrix 
functions V'''^\ s = 0,1, we have V^'*'' G . Hence, the Fourier coefficients Vj^^^ (as 
operators acting on C*^) commute with all orthogonal projections , e G S'i(e). The 
same assertion is true for the Fourier coefficients Vn , N E A*. 
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Let us choose (and fix) a number /i e R for which /i ^ 64 and h > 2Trd{K*). The 
number xq > is chosen sufficiently large (lower estimates for the number xq are specified 
in the sequel). To start with, we assume that Xq > 2h. Let Xq ^ Xi ^ x ^ Sxi (if we 
set H = 1, then xi = x), / = l{h, xi) e N is the largest integer with 2h^ ^ xi (hence, 
xi < 2/i'+i and ^ x< 2S/i'+i). 

In what follows, the vector A; e is assumed to satisfy the condition |(A;, 7)! — n. For 
any 6 e [0, x), we write 

}C{b) = {N eA* : GN{k; x) ^ b} 

(the sets /C(6) depend also on k and x). For b > 2'Kd{K*) (and b < x) the following 
estimate holds: 

#/C(6) ^ C2V-^{K*) xb'^ , 

where C2 > is a universal constant. If e /C(6), then + 2t^N^ 7^ 0. If iV e lC{h^), 
then 

|x- |A;± + 27rA^x|| ^ /i' ^ ^ , 
hence, + 27rA^_L| ^ f > 1. From this it follows that for all N,N' e K:{h^), 

Air 

\e{k + 2TrN) - e{k + 2TrN')\ ^ — \N^ - Ni\ . (5.2) 

X 

We introduce the notation 

/Ci = /C(/i) , /C^ = {AT e A* : /I'^-i < GAr(A;; x) ^ /i'^} , = 2, . . . , L 
For any vector function e L^{K] C^), 

II P'^V II ^ II P'^'cp W^h^W P'^'ip II , (5.3) 
||P'^^<^|| ^ II P'^'^f^ II ^ /i2 ||^^^<^|| , 1^ = 2,..., I. (5.4) 

Let us denote 

I 

p(^^ = P^{k;e)P'^^ , fi=l,...,l, pW = P±(A;;e)P'=('^') = J2 ^i^^ ' 

/i = i 

The equality P ^ + P^") = P'^^^') holds. 
For all X > and all A^ G A* , we get 

G%{k] j<)>\k + 27rN\ ^ \k\i + 27rN\\\ ^ 7r|7|-^ . 

Using the inequality x < 2 H for all N e A*\ /C(/i'), we obtain 

G'^(A;;x) > /i^(2x+/i^)-^G'+(A;;x) > (4 S /i + 1)-^G+ (A;; x) , (5.5) 

G-^{k]H) > h\x + h^)-'^\k + 27rN\ > {2Eh + l)-^\k + 27rN\ . (5.6) 
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Lemma 5.1. Suppose W G L'^{K; M-m)- Then for any finite set O G A* and any vector 
function ip G L'^{K; C^^) we have 

Proof. Indeed, 

□ 

Lemma 5.2. Suppose W G L^{K;A4m)- Then there exists a nonincreasing function 
[0, +oo) 3t^ f^{t) G [0, +oo) such that 

as t ^ +00, and for any finite set O G A* and any vector function ip G L'^{K; C*^) the 
inequality 

holds. 

Proof. For a > 0, we get 

+ 00 

[a\\\L2{K;MM) ^ 



^ J{xe JC:2''-la<||VK(a;) II <2''a} 

o +°o o 

^ - E \m2^-^a]\\kiK-MM) ^ - Il^wlli3(^;^,,) . 

u = l 

Hence, for all vector functions ip G L^{K; C*^), 

II WP'^y^ II ^\\{W- Wia]) P'^V II + IIW^M P'^V II ^ (5.7) 
^ (a + (# O)^ ||I?mIU^(;,;a,,,)) II P^v^ II ^ 

^ (« + ^ W (#(^)^ l|W^Hll|3(i.;A,,J ll^^^ll 



(see Lemma [5.ip . Fix a number e > 0. We can represent the fundamental domain K in 
the form U/=i-^/^''5 where J G N, and xj'^'^ are disjoint measurable sets of sufficiently 
small diameters d{Kj^^) such that for all j the following inequalities are fulfilled: 

e 



x*r'"'iiS!«-.v,„,<5 + ii»'iiiT(i°:i..,) 
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(here xt is the characteristic function of a set T C K). For every j = 1, . . . , J, we choose 



a number aj > such that 



II Xk^^) W^a,] \\lI(k-Mm) < ^ + II X^w W IliTj^.^,,) < e + ||W^|li?(^;^i,^,^) • 
From (5.7), for a ^ maxoj , we derive 

3 

\\WP'^ipf = y^\\XK^^)WP'^ipf^ (5i 

3 

3 

^ 2 ( + ^ v-\K) (# O) II x^,, Ilia (^^^^^) ) II f ^ 

^ 2 (a^ + ^ v'\K) (# O) (. + ||W^||gi:k) )') E II X.<^) r • 



If 



\v{K) ||W^|li?(^:i,,J"' maxa^ (5.9) 



then we put 

a = 2v-HK) (#0)i(e+||l?||iTj:i,„)). 
Therefore inequahty (5.8) (under condition (5.9)) imphes that 

II WP^^ II < Av-^K) (# 0)^e+ WtSf^lM,,^) ) WP'^VW ■ (5.10) 

Since the number e > can be chosen as small as we wish, the inequality claimed in 
Lemma [5^ is a consequence of (5.10). □ 

Lemma 5.3. There is a number C3 = C'i{h) > such that for any e > and any matrix 
function V G Ll^{K; A4m) , for which 

ll^llS("l.M)^^3e, (5.11) 

there exists a number Xq (e) = Xq (e; A, 7, h, V) > 2h such that for all xi ^ Xq (e), all x G 
[xi ,Sxi], a// vectors k E M.^ with |(A;,7)| = tt, and all vector functions (p G L'^{K\<C^^) 
the inequality 

II VP'^^'^'V II ^ II P'^^'^'V II (5.12) 

holds. 

Proof. Taking into account the estimates 7^ /C^ ^ C2 t'^^(-ft'*) xh"^^, /i = 1, . . . , /, and 



/i^ ||p'^i(^|| ^ ^/M^ IIG^P'^Vll, h'^ WP'^^ifW ^ /i5 II Gjp'^^v^ll , 11 = 2,. ..J. 
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and using Lemma [5.21 for all vector functions ip G L'^{K; C*^) we obtain 

I 

II VP'^^'^'V II ^ Yl II ^P'^^'f II ^ (5-13) 



I 



1-2 



ii = 2 

Since 

X"^ ^ /it = {yi'^h^)\ ^/i^t < 2t < 2 

/Lt = 2 !/ = 

and 

/Hc,.-^(ir*)x/.^)^||V||g^^i,^^) 
as X — s> +00, estimate (5.12) follows from (5.13) for 

and under the choice of a sufficiently large number xlj^e). □ 

In the sequel, we fix a number e' > and put e = e'/3, xq ^ Xo(£^)- We assume that 
condition (5.11) is fulfilled for the function V G L\{K\ M.m^- From (5.12) it follows that 

II G'^^P^-^ VP^-\ II ^ £ II G^l P^-\ II , (5.14) 

II P(-) \>P(+V IK ^ II G^- P^'^\ IK £ II g|p(+V II • (5.15) 
We shall also assume that xo ^ Xo'((4S/i+ l)-2£). Then (5.5) and (5.12) yield 

II g-^pAn^cC/^O vp(-)^|| ^ (5.16) 
^ (4S/i + l)3 ||G7 VP^^Vll ^^IIGlP^^Vll , 

II g-5pA*\'C(/^')yp(+)^|| ^ (5.17) 

^ (4S/1 + 1)5 II G;^\/p(+Vll ^ ejiGip^+Vll ^ £ II g|p(+V II • 



43 



If we put (p = ip, where ijj e H^^ (K; C*^), then (5.12) imphes that 

II T/P'^C*') GZ^ip IK £ II P'^^^'^ip II ^ e . 
By continuity, the operator G^'^ y p'^i^'') Q_'^ having the domain 

extends to the bounded operator G^^ V G_^ P^^^ ^ acting on the space L'^{K;C^). 
Therefore, for the adjoint operator that takes a vector function e H 2(^K;C^) to 
the vector function pA:(/i ) y g_^2^^ ^^le estimate 

ll^-lp/cc/iOt/G^V^IKellV^II, ij e H^{K;C^) , (5.18) 

is fulfilled as well. If we put = g| v?, where cp e H^{K; C^), then (5.18) yields 

\\GZ^ P'^^'''^Vip\\^e\\Glip\\. (5.19) 
In particular, for any vector function (p e L'^{K; C^), 

\\GZ^ P^+^VP^+^ip\\ ^ £ II g|p(+V II- (5.20) 

Since we assume that xq ^ ((4S/i+ 1)^^ e), inequality (5.19) is also true under the 
change £ to (4S/i+ 1)~2 £. Therefore (see (5.5)) for any vector function (p e H^{K; C^) 
we get 

II p{+)YpA*\JC{h')^ II ^ (5 21) 

^{AEh+ 1)-^ e II g| p^'\^ih^)^ II ^ e II g ^ pA*\K{h^)^ y ^ 

II p(-) y P^W)(^ II ^ II G'J P(-) \/P^*\'=('^')(^ II ^ (5.22) 

^ (4 H + l)-5 £ II at P^'V'CC^ V IK £ II P^*\'C('^')(^ II . 
Now, suppose that the condition 

ll^llw^M)<^"(2S/^+l)-s (5.23) 

is satisfied along with condition (5.11), where G — C(3) > is the constant from (0.6). 
Prom (0.6), (1.1), and (5.6) it follows that under the choice of a sufficiently large number 

Xq" > 2h (dependent on e, A, 7, V, S, h) and for all Xi ^ Xq ^ Xq' , all x G [xi , Sxi], all 
vectors A; e with |(A;, 7)! = tt, and all vector functions -0 e L'^{K; C^) the inequality 

||^g-ipA*\/c(^0^|| ^^||pA*W^O^|| (5.24) 
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holds (and GiV e H^{K;C^'^)). Furthermore, 

for the adjoint operator (y GZ^ P^*'^'^^^''^)* and all vector functions i/j G H^{K;C^^), 
whence 

Using the interpolation of operators (see [17[ |3] and also the proof of Lemma [4.ip . from 
(5.24) and (5.25), for all vector functions ip G if 2 (i^; C^^) we derive 

II pA*\Kih') y Q-j pA*\Kih') ^ II ^ £ II pA*\K(h') ^ II _ 

1 ^ 

If we put ip = ^ H^{K] C*^), then the previous inequality yields 

II Q-J pA'\Kih') y pA'\K(h^) ^ II ^ ^ II g ^ pA*\JCih^) ^ II ^5^26) 

The following theorem is a key point in the proof of Theorem 11.51 

Theorem 5.1. Let V'^'^ G LHn^^^ L{K;Sl^^), 6 > 0, s = 0,1, let V = + V^, and 
let S > 1. Then {for a given number e > 0) there exists a number xq > 2h such that 
for any k\ ^ xq there is a number k G \k\ , S Xi] such that for all vectors /c G M'^ with 
|(/c, 7)1 = vr, and all vector functions (f G L'^{K;C^'^) we have 

||g-|p(+)yp(-)^|| ^ ^ ||G^p(-)y,|| . (5.27) 

Proof. For all /i, = and all vector functions ip G L'^{K; C^), we shall obtain 

upper estimates for the norms 

IIP WypJ-)^|| . 

Given /x, G {1, . . . , Z} and G A*, by S^y{n) denote the number of vectors N E IC^ such 
that N -nelC^. If either 27r|n_L| > 2x+h^' + h'' or 27r|n||| > h'^ + h", then S^,^{n) = 0. 
Since h > 2iTd{K*), we have + 2Trd{K*) < 2h^ ^ xi ^ x, hence, < x - 2-Kd{K*). 
Under these conditions, there is a universal constant C4 > (see [23]) such that for all 
fi,u = 1, . . . ,1 and all vectors n e A* with 7r|ri_L| ^ x + h^'''^^^^''^^ (and 7r|n||| ^ /^max{/x,!/}^^ 
the estimate 



t;(JC*) (7r|n_L| + /in^axjA*,:.}) 2/i'^'^^-t^''^} - 7r|n_L| 

holds. Therefore (also see (1.4) and (5.1)), for all matrix functions W G L'^{K;J^m), 
which have the Fourier coefficients , N & A*, that commute with all orthogonal 
projections P^ , e G 5*1(6), and for all vector functions ^p G L^{K; C^'^) we get 

llpWwj-Vf = (5.28) 
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NeKa nSA*: 
N-neK^ 

^^v(K)J2i E \e(k + 2nN)-e(k + 27r(N-n))\\\Wj\\(p-^l;)^^jY ^ 

NeKy. neA*: 
N-neKu 

^v{K)K-'Y.i E 'iAnAWnmP-^)N-n\\f ^ 
NeK^ n e A* : 

^v{K)^-'j2{ j2 (27rKinrnir)( e iK^-v^Vnin^ 

NelCu neA*: nSA*: 
N-nelCu N-neKu 

= ^-ME( E l)(27r|njrir„ini|Pj-Vf = 
= x-^ ( E -^M^W (27r|n^|)iW^„in ||Pj-)V^|r ^ 



ne A* 



X 



X 



(27r| 




(tt n_L 




\n±\) 



f ^ / I U max O I, max -T/x.z/l ,^1™^ l\ / 



ne A* : 
7r|nx| , 
7r|n|| I 

For any a ^ 0, the Fourier coefficients (Via])Ar, G A*, of the matrix function V\a\ G 

V'iK^M.M) C 1?{K\M.m) commute with all orthogonal projections , e G 5*1(6). In 
particular, from this and (5.28), using the inequalities 2x + 2/1"^^ ^ 2x + 2/i' < 3x 
and X ^ Sxi , we obtain 

ll^i^^Vj„iPj-)V^|| ^ (5.29) 

/,i(M+-+min{M,.}) / 6C4S V^i;(ii') y \\^^'^^V^^\)<\\- \ ' ||p(-)^|| . 

7r|nx| ^xr+h'"'"'^'''''} 

Let a ^ 2. Denote 

Ys{V-a)= I \\V{x)fh.'+'\\V{x)\\dx- 

J{x&K:\\V{x)W^a} 

YjiV] a) J, as a +00. The following inequality is valid: 

\\%]fmK;MM)^ (5-30) 

^(aln^+^a)-^ / \\V {x)\\'' \\V {x)\\ dx ^ {ahi^+^ a)-^ Ys{V ■ a) . 

J{x&K:\\V{x)\\ ^a} 
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Choose numbers rj G (0, 1], j G M, such that ri = 1, rj I 0, aj = h^hj | +oo (then 
aj ^ 2), r~^Ys{V\ aj) J, as j ^ +oo, and 

+0O 

J](lna,)-^-^<+oo. 



Let us define the functions 



ii^>h^. 



For all A > 0, we write 



liO<A^h'^-h, then 



If either - /i < A ^ - /i, A; = 2, . . . , / - 1, or /i' - /i< A (for A; = /), then 

/ rh'^-h rh^-h^ rh'^-h''-^ /■A-(/i*'-/i) \ 

< 2((l-^)"'/ii+A/A) <5a/A. 
vh 

Assign the number j = j{lJ-,i^) = fJ^ + u + min {fi, u} G {1, . . . , 3/} to each ordered pair 
(/X, of numbers fJ^,i^ E {!,..., /}. Let where j = 1, ... ,31, be the set of ordered 

pairs u) with u) = j. We have #/:(i) < j. For every j G {1, . . . , 3/} (if £(j) 7^ 0), 
let . . . , n^i^^i be the different numbers max {/x, v} with (/x, i/) G jC{j) arranged in the 
increasing order. We define the functions 

to if ^ > /I'^fco.^) . 

For aU { G M\{/t, /t^, . . . , /i^}, we have ^?/^(/i; ^^\h; 0- Hence, for all A > 0, 

fT+A 



max 

rem 



Gl'\h-i)di^Ti,n{^)<h^. (5.31) 

Using (5.1), (5.30), and (5.31), we obtain the following estimates (the prime above the 
summation sign means that we omit the summands with Ys{V;aj) — 0): 

a,Y,-\V; aj) x (5.32) 

j = i 
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X / I max y ^J^Md^=)cix^ 

'>ci \MeC{j) ^^^^ ^y}^+2h'^^i^''''y -n\n±\ ' 

^^\n±\^}€+h'^'^<-^''"y 



3f pi^Ki 

7 = 1 >^ •^'^l neA* 



3« 



neA* 

/ 



^ y,^' E ^^Y8-\V-a,) E ll(^M)n|r ^ 

vi- - 1)^1 J^i 

V - l)xi jtl 

On the other hand, 

E (H^x (5-33) 

X r( E , "^""^ 



^ ^ (S - l)xi 



X E f / , ] IIKII^ ^ 

neA*; V-' K,S>ri]n[7r|nx|-/i™'^{'^''^>,+oo) i/x + 2/i ™^ TT |n_L | 

>ii < 27r|nx| 



< 2iT\n±\ 



1 ^ „2 



>ii < 27r|nx| 

Let us denote 

C5 = C5(M, A, S, /i; V, {rj}) = -== ( 2 + - Mv-\K) E (In a,)"^"^ ) . 
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Then (5.32) and (5.33) imply that there is a number x e [xi,Sxi] such that for all 



7r|nx I ^xr+Zi™*^ 



n e A : V ' I I n g A : 

^ >ci <7r|nx I >fl<27r|nx| 



where aj = hs^Vj , j = i{^,v). For every number j G {1,...,3/} (if the number Xi 
is fixed), from (5.28) and (5.35) it follows that for all ordered pairs (/x, i/) e >C(j), all 
vector functions -0 e L'^{K; C'^'^), and for the number x e [xi , S xi] chosen as above, the 
estimate 

llpWv^pH^II ^ (5.36) 
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„7a*- y X + 2/i™^i.'^''^> — 7r|nj_| 

^(2c4.(i^))Ui^((3.2^sc5 iiKir)^+(V2 j2 ^iiK.ir)^)rj-vii 

nSA*: n6A*: 
>ci<27r|nx| 27r|nx|^xi 

holds. Let e" = | e min {1, 7r|7|~^}. We choose a number jo — jo{£") G N (also 
dependent on v{K), C5 , S, l^, /i, {rj}) such that rj ^ ^s" and 

(6Sc4C5^;(K))5(r7^n(t/;a,))5 ^ i^" 

for all j > jo . Since 

E ll^nir-O, E ^IlKir-O as XI -+00, 

n e A* : n e A* ; 

>ei<2iT\n±\ 27r|nx|^>«'i 

from (5.36) it follows that there is a number xq = xo(M, A, S, /i, V, {rj};jo,£") > 2h such 
that for all Xi ^ Xq , for the numbers x e [xi , S xi] chosen as above, for all numbers 
H,!/ = 1,...,/ with jl/ijiy) ^ jo (where I — l{h, xi) e N), and all vector functions 
V' e L2(X;C^) we have 

||pWt/pJ-)^|| ^ ||Pj-)^|| . (5.37) 
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At the same time, if xi ^ xq > 2h and the number [xi , S xi] 9 x is chosen as above, 
then for all numbers /i, z/ = 1,...,/ with j = > Jq , and all vector functions 

ip G L^(fr;C*^), taking into account estimates (5.29), (5.34), and the definition of the 
number jo ? we derive 

a/x+ - 7r|n_Lr 

^ hl^ (r, + {QEc^c,v{K))"HrJ^Ys{V-aj))^\\PyH\\ ^ e" ||Pj-V|| , 

that is, estimate (5.37) is vahd for all /i, z/ = 1, . . . , /. 

From (5.3), (5.4), and (5.37) (for all fi,^ = and all vector functions ip ^ 

L^{K; C^^)) we deduce the following estimate: 

||g-|p{+)|/g-|pj-)^|| <^^"^h max{l, \l})h'^^^^''''> h-'^ = 
3 3 

Whence 

1 1 ' 1 1 / ' \ 

WG'JpMVG'Jp^-^iljf = J2 \\G'Jpi^'>VG'J I ^ 

I / I , , \ 2 / _ \ 2 I / I \ 2 



2 « / « 



1 + h 6 \ / 5 ^ 



1 - 



u = l 



To complete the proof, it remains to put il) = GIP^ '^ip, ip G L?{K] C^). Theorem 15.11 is 
proved. □ 

Now, let us use estimates (5.14) - (5.17), (5.20) - (5.22), and (5.26), (5.27) (conditions 
(5.11) and (5.23) are fulfilled because 

ii^'iiS:k,,=iif^iiSU„,=o)- 
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We choose the number xq = max {x^(e),x^((4S/i+ l)-2£),x^', xo} > 2h. Then, for all 
Xi ^ xq , for the number x G [xi , S Xi] chosen in Theorem I5.H for all vectors A; G M'^ 
with I (A;, 7) I = TT, and all vector functions ip G H^{K; C^^) we get 

\\G-JP+Vip\\' + P.-V'v^f ^ (5.38) 

^ 3 ( i|G:^pWyp(+Vf + iiG:^pWFp(-Vf + iiG:^pW\/p^*\'=('^'Vir)+ 
+ 3 ( ||G7p(-)yp(+Vir + ||G7p(-)\/p(-Vf + ||G7p(-)i^p^*\'=(" Vf )+ 
3(i|G:^p^*\'=('^')v^p(+Vf+llG:^p^*\'^('^')i>p(-Vf+llG:^^ ^ 

^ 9 (sf ( p(+vir + iiG_^p(~vir + iiG_^p^*\''(" Vir ) ^ 

^ (£')'(l|G|pVf + ||G_^p-(/.f ) 
(where / = xi)). This completes the proof of Theorem 11.51 

6 Proof of Theorem 11.6 

In what follows, we use the assumptions and the notation from Section 5 in the case 
where S = 1 (and xi = x). We assume that the vectors A; G satisfy the condition 
|(fc, 7)1 = TT. The number h is chosen (and fixed) in Section 5 (in the end of the proof of 
Theorem 11.61 we shall put h = 64). Fix a number > and put e = i^j^^' ■ Choose a 
number Ci = 'c\{K) > such that Ci ^ C3 and Ci < C"^ {2h'^ + 1)^^ < C~^, where 
C3 = Cz{h) is the constant from Lemma [5.31 and C = C{3) is the constant from inequality 
(0.6). If G LiiK-S'j^f) and 

then inequalities (5.11) and (5.23) (for S = h) hold for the function V = V^^^-* + V^'^\ 

Assume that (for S = 1) x = xi ^ 2/1^ (then / = l{h, x) ^ 2 and 2/i'"^ < /i' ^ ^ x). 
We define the functions 

r 1 if t ^ h^-\ 

Q{h,x;t) = < if h^~^ < t ^ 2h^-\ 

[ if t> 2h^-\ 

and the operators = G(/i, k; x) that take vector functions ip G L'^{K; C*^) to the vector 
functions 

Q^= J2 e(/i,x;G^(A:;x))^^e2"*(^'^). 

Af e A* 

The following theorem is a key point in the proof of Theorem 11.61 
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Theorem 6.1. Let d = 3, ■j & A\{0} , a E (0,2]. Then for any A-periodic matrix function 

Qs 

q=l 

With e Ll{K;Sif), /?^,,(0;t/,^'^) < +oo, q = 1, . . . ,Qs , for which the essential 

supports supp V^^*'' do not intersect for different q {for s = and s = 1, separately), 
and for any 5 > there is a number >Cq{5) = >Cq{M, A,\'y\, h, a,V ^^\V 5) ^ 2h'^ such 
that for all x ^ >(oi^), clU vectors k E with \{k^'-j)\ = tt, and all vector functions 
(f G L^(i^;C^) the inequalities 

\\G:^ P+QV'^''> P~Qy^\\ ^ce{6+ max /?^,,(t/(^))) || P^^V II , ^ = 0, 1 , 

q = l,...,Qs ' ^ 

hold, where Cq = Cq {h,a) > (see {6.14))- 

Theorem 16.11 is proved in the end of this Section. 

Proof of Theorem 11.61 First let us obtain estimates which are similar to estimates 
(5.14) - (5.17), (5.20) - (5.22), and (5.26) used in the proof of Theorem 11.51 We assume 
that X ^ Xq" ^ 2/i^ . A few additional lower bounds on the number Xq" will be given 
below. For the vectors A; G we suppose that |(A;,7)| = vr, and for the number / = 
l{h, >i) G N\{1} we have 2h'' ^ x < 2h''^^ (the number h satisfies the conditions from 
Section 5: h ^ 64 and h > 27rd{K*)). Let Xq" ^ ^o(^)- By Lemma [5.31 estimate (5.12) 
holds. Hence, from (5.14), (5.15), and (5.20) it follows that for all if G L'^{K;C^) the 
following estimates are fulfilled: 

||G+^p(-)t/P^0^|| ^e\\ g|p(^V II , (6.1) 

||g-^p(+)^p+@^|| ^ g|p(+)^ II . (6.2) 

From (5.5) (setting E = h and replacing / by / — 1), for all G A*\/C(/i^^^) we obtain 

G^{k-x)>{4h^ + l)-'Gi{k;H). 

Therefore, from Lemma |5.3[ for Xq" ^ x'((4/;,^ + l)~^e), (by analogy with estimates 
(5.16) and (5.17)) we get 

||(;-|pA*\^{/^'-i)ypT0<^|| ^^||g|p(T)^||^ L^{K;C^'), (6.3) 

and from (5.19), where e is replaced by (4/i^ + 1)^^ e , (by analogy with estimates (5.16) 
and (5.17)) we deduce the inequalities 

II G;'' p(±) i/pA*\^(^'-^) <^ II ^ £ II pA'\icih^--) <^ II ^ ^ ^ fji^j^. CM) (Q_4) 

Now, let Xq" ^ Xq' , where the number Xq' is chosen for E = h. Changing / to / — 1 in 
estimate (5.24), we have 

II pA*\JCih'--) y pA*\JCih^--) ^ II ^ ^ II GI pA*\/C(h'-) ^ II ^ ^ ^ ffl^j^. CM) . (6.5) 
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Under the conditions of Theorem I6.H we put 6 = \£Cq^ and assume that the number 
Xq" satisfies the last lower estimate: Xq" ^ >«'o(5). Choose a constant 



c[ = c[{h,a) = 6{e') ^ = ^ c, ^ 

From Theorem 16.11 (for x ^ Xq") it follows that 

||g-|p+0yp-0^|| ^^||gip(-)^||^ G L2(ir;C*^). (6.6) 

Finally, from (6.1) - (6.6), for all x ^ x^" , all A; e with |(A;,7)| = vr, and all G 
H^{K; C^^) (by analogy with (5.38)) we obtain estimate (1.15): 

^ 3 ( WdZ^P^+^VP^Qipf + 2 IIGZ^P+e VP-QifW^ + IIGZ^P wv(/ - e)^f ) + 

+ 3 ( ||G7p(-)\/p+e<^f + ||G7p(-)yp-e<^f + ||G7p(-)v'(/ - e)<^f )+ 
3 (||G:^p^*\'=('^')t/p+e(^f +2 ||G:^p^*\'=(^'"')t/p^e<^f +||G:^p^*\'=(''')i/(/-e)(^||2) ^ 

^ 3 (sY ( 3 ||G|p(+Vf + 5 ||G_^P(-Vir + 3 IIG^^P^'^'^^^'^Vf ) ^ 
^3(£)2(6||G|P(+Vir + 8||G„^P(-Vf + ||G_^P^*\''("Vir) ^ 
^24(e)2(||G|p(+Vf +l|Gip(-Vf +l|G_^P^*\'=("'Vf ) ^ 

<(£')'(l|G|pVf + I|G^^-V^f ). 

It remains to remove the technical lower bound h > 2'Kd{K*) for the number h. Under 
the linear transformations x — ^ Ax, x G M.^, where A > 0, we have 7 — > A7 (the vector 
ee ^1(7) does not change), K* \-^K*, d{K*) \-^d{K*), and 

.'-A.', llWSl^i,,,) ^ MlWSl^i^^ p,Aw)^xp,Aw). 

Therefore conditions 3 and 4 from Theorem 11.61 and estimate (1.15) do not change under 
such transformations. Choosing the number A > such that h = 64 > A~^ ■ 2TTd{K*), 
we conclude that we can take the universal constant ci = ci(64) and the constant c[ = 
c[{64,a) dependent only on a. Theorem 11.61 is proved. 

Theorem 6.2. Let d = 3, e A\{0}, a e (0,2]. Suppose that W G L^{K;Mm), 
/3^^o-(0;Vr) < +00, and for a.e. x G M'^ the matrices W{x) commute with all orthogonal 
projections P^ , e G 5*1(7) (^'^ particular, we may consider the functions W = W^^^ + 
1?W G U^{K]S^), s = 0,1). Then for any 6 > there is a number > 2h 
such that for all x ^ x", all vectors A; G with \{k,-y)\ = n, and all vector functions 
i) G L'^{K; C^) the inequality 

\\G:^ P^+^WG:~' P^~^^\\ ^ ^cei5 + ^^^^iW))\\ij\\, (6.7) 
holds, where Cq = Cg {h,a) > is the constant from Theorem \6.1\ [see {6.I4)). 
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Proof. To start with, we assume that a e (0, |]. Let h > 2h and let k e M.^ with 
I {k, 7) I — TT. We shall derive upper bounds for the norms 



II PWW^PJ-V II, fi,u = l,...,l, i^eL\K;C''). 

Since the Fourier coefficients Wn, N G A*, commute with all orthogonal projections , 
e G >S'i(7), we can use estimate (5.28). For /j,, u E {1, . . . ,1} and R e [27Td{K*), 2x], the 
function W can be represented in the form 

W{x) = Wi%{R; x) + W^iiR; x) , x e K^ 

where 

By (5.28), we get 



ATgA*: JVeA*: 



\\pi^^w;^iiR;.)py^^r^ (6.8) 

^^(X)x-^5^( 5^ 27rK|||V?^„||||(P-V')iv-n||)'^ 



NeKfj. n e A* : 

27i|nx| ^-R, 



^^(i^)x-2( ^ 27r|n^|||^?„||)'( 5^ ll(Pj-V)Arir) ^ 

n e A* : AT e A* 

27r|nxl <-R, 
7r|n||| ^/imax{M,''} 

^p^x-( i)(E 

n e A* : n e A* 

27r|nx| 

^ stt-^mp^ /.--{'''^> ||w^|li.(x;^^) ||pj-Vll^ ■ 

The following estimate is also a consequence of (5.28): 

\\Pt^wi^l{R;-)py^^r< (6.9) 

^ C4^;-'(i^) ^'''"^ >c-'^ Pl,{R;W) x 
V (2^1-^1)'^^" ^^ (2^1-1)-" ^||"^-^-|P 



X 



n e A* : 

iJ <27r|nx I <2>c+2/i™''^ , 
7r|n||| 



Under the condition < 2/i™^{'^''^}, we have 

J] (27r|n^|)-2(i-)(27r|n|)-2-^ 



nGA* : 
il<27r|nx| <2/i™a'' , 

7r|n||| ^/jmax{M,"'} 
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{2nyv{K*) V 

JR 

^2(1-.) J_ 

ie + v'r J 



and 



E 



(27r|nj_|)2-(27r|n|)-2'^ ^ 



ft max {p,!/} <7r|nx| ^*(r+h™^'''t'''''> , 
7r|n|| I 

^ ^ 1 1 ^ 

^ (27r|n_L|)3 y'x+ 2/i°^ax - 7r|n_L| ^ 

7r|n||| <h'°^''{''>''> 

5 

72ftmax{M,i'} -27r(i(J!'*) ^3 _|_ 2/j,max{/i,;/} — i ^ 

X ( x"^ -- + 2x"^ - ^y2x + 4:h'^'^M - ^ J < 



2 ^.-l/ 



Hence, (6.9) yields 

\\Pi^^w^iiR;-)py^i^r< (6.10) 

^ 25 7r-'c4(7-'/i'^+'^+'"'"{'^''^>x-^/?^%(i?;T?) ||Pj-V||'- 

From (6.8) and (6.10) (also see (5.3) and (5.4)), for all x > 2h, all vectors e with 
I (A;, 7) I = TT, all vector functions i/j e L^{K;C'^), and all numbers R e [27rd(X*), 2x] we 
obtain 

I 

^ J2 IIGi^pj+^M^Gi^pj-Vii ^ (6.11) 
M,i/=i 
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v = l 

+ E E ^""^ II Pi^^ •) + •)) g:^ pJ-V II ^ 



1 ^ 

+ ^ c/ /i 1+i - ^ [R. w)\ II Q-} P^'H II + 

TTa/CT ) 



+ E E^""^ i?^/.^-{->X-||W^|U.(K;A.^) + 

^ V ( ^ + " ) (^^' II^IU^(^;>'m) + 



+ 5 ci h x-^ ^?)) || Pj" V || + 



On the other hand, / ^ (In ^ /i) In ^ and 



- /i-^™"^^'^''^} ^ ^ (/ii ln-^/i)x-4n - , (6.12) 

/i,i/=i 

^ min{,i,i/} ^ /^i' ^ ^-i max{Mi,fi} ^ 



fx,v = 2 * //1, 1/1=0 

(because h> 16). Therefore (for cr e (0, |]), 

II g:^ p(-v II ^ (6.13) 
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dicr,h,R,W; x) = tt-^ In"^ /i ) ( In | ) (^^ + ^ 



Now let us suppose that cr G (0, 2]. Denote 

C6 = 40V2 7r"ic//ia-5 (6.14) 

and a' = min{i,a}. Since {a')-^ ^ 2V2a-^2 and p^^^'{R;W) < p^^^{R;W) (for all 
R ^ 0), inequality (6.13) (in which we replace a by a') implies the estimate 

II G'J P W W^G:^ P(-V II ^ il C6 /3-,,.(P; W^) + {a, h, R, W; x) ) || p(-)^ || . (6.15) 
Finally, choose (and fix) a number R ^ 2TTd{K*) such that 

2 



Then, from (6.15) it follows that there is a number x" = x''(M, A, I7I, /i, cr; VT, 5) > 2h, 
for which x" ^ | P, such that for all x ^ x" , all G with |(fc,7)| = vr, and all 
G L'^{K; C'^'^) the inequality (6.7) holds. This completes the proof of Theorem I6.2[ 

Let /' G N\{1} and let x ^ 2h^'+\ Then / = /(/i, x) ^ /' + 1 ^ 3. Denote 



and define the functions 



Qi'{h, K]t) 



1^ = 1-1' G {l,...,/-2} 

r 1 if h^^+^ < t <: h^-\ 

2-h-^+H if h^-^ < t ^ 2h^~\ 
-l+2h-^^-H if i/i'i+i < t ^ /I'l+i 



^0 if t ^ i/i'i+i or t > 2/^'"^ 

and the operators 0// = Qi'{h,k; x) that take a vector function ip G L'^{K;C^^) to the 
vector function 

NeA* 

Theorem 6.3. Let d = 3, e A\{0}, a G (0,2]. Suppose that t? = ^ W + where 

< +00. Then for any e > there are numbers 
I' = /'(A, \-f\,a,V;e} G N\{1} and Xq^ = Xo~(M,A, I7I, /i, a, e) ^ 2/i''+i stic/i i/iai /or 
a// X ^ Xq~, a// vectors A; G |(/i;,7)| = vr, and all vector functions ip ^ L'^i^', C^^) 

the inequality 

\\GyP+&VGZ^p-&ij - GyP+&i'VGyp-&i>ilj\\ ^£||p-eV^|| (6.16) 

holds. 
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Proof. Taking into account the inclusions 

I h+i 

li = ll+l Ai = l 

and estimates (5.3), (5.4), from (6.8) and (6.10), where we put R = 2'Kd{K*), it follows 
that for all x ^ 2h^ all vectors k E M.^ with |(/^,7)| = vr, and all vector functions 
ip G L^{K; C'^'^) the following inequalities are valid (see (6.11)): 

\\GZ^P+QVG:^P-Q4j - GZ^P^QrVGZ^'P-Qi^'^W ^ (6.17) 

^ II G:^P^{Q - Qi') VGZ^P-Qtp II + II G:^'P+Qi'VGZ^p-{e - 0zOV^ II ^ 

E IIG':^^wvG':^pj-)e^ll+ 
/J = 1 1/ =1 

/j=ii+i i/=i 



^ _ max{l,^} ^/3M{27Td{K*)y\\V\\L2^K■MM)^~'^ 



TT TT 

/i = /l + 

+ - max {1, — I 5c|a-^/5^„(0;t/)x"^ x 



(( E E + E E ) 



((E E + E E ) ^^"^''^^"^Mii^^e^ii 



At the same time, the estimates (6.12) and 



I min{/^,!^} 



< 

X \ — ' — ' — ' — ' / -J X ^ — ^ ^ — ^ 

+ 00 

< 2/i(/i^'x-5) ^ (/' + 2/ii)/i-^(''+^i-i) <2V2(/' + 2)/i5(3-'') 

Atl=0 

hold (because > 4). Therefore, inequality (6.17) implies that there are numbers 
/' = /'(A, |7|,a,t/;e) G N\{1} and Xq- = Xo~(M, A, I7I, /;,, a, e) ^ 2/1''+^ such that 
inequality (6.16) is fulfilled for all x ^ Xo~, all /c G with |(A;,7)| = vr, and all 



G L {K; C ). Theorem 16.31 is proved. 
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Proof oi Theorem I6.1[ From Theorem 16.31 (under the change ^p = GIP'^ ^(f, cp G 
L'^{K] C*^)), we see that it suffices to prove that for any numbers 6 > and I' G N\{1} 
there is a number Sioi6J') = ^M^A, I7I, /i, a, ^ 5, /') ^ 2h^'+^ such that for all 
X ^ x^{6, V), al\k e with \{k, 7)] = vr, and all ip G L'^{K; C*^) the inequalities 

\\G:^' P+Qi>V^'W:^' P-Qi>^\\ ^ (6.18) 
^ce{6+ max /3^,.(V;(^))) || P^-^ || , ^ = 0, 1 , 

(3 = 1,. ..,Qs 

hold. Fix numbers 6 > and /' G N\{1}. For s = 0, 1 and q = l,...,Qs, suppose 
jri^) g C'ooj^j^s.]^) A-periodic functions such that ^ J^q'\x) ^ 1 for all x G M^ 
jFy'^''(x) = 1 for X G supp JF,*-*-* , and suppjFgj''-' fi suppjFg^"*^ = for g2 7^ '?2 , s = 0, 1. Let 
us denote S = 16 h^^'^^ (then 5k < 32 /i'^ where li = I — V). We define the functions 



d3 



Af e A*^ iV G A*^ 

2-k\N\^5x 2-k\N\>5m: 



For all /3 ^ (and all g = 1, . . . , , s = 0, 1), 



X 



''l|-^i"'^l|Lo^m3;M)^0 (6.19) 



as X ^ +00. 

In what follows, we shall use the brief notation 



Af, = Gj^P^Qv. (6.20) 

Lemma 6.1. There are constants cr{h,l'] J-'g^^) > such that for all x ^ 2h^'^^, all 
k G ]R^ and all ip G ^^(ir; C*^) we have 

II ( ^i'^'^ - -^.^^'^^ ) ^ K c-riK V; .Fj^)) x-i ll^ll , (6.21) 
q = 1, ... ,Qs , s = 0,1. 

Proof. The choice of the number 5 implies that 
for N G (A*\/C(/i')) U/C(/i'0, 

(^F^-^J^''^¥')a^= (6.22) 



n G A*j 
27r|n| ^<5>c, 

N~n(^K{h^)\K.{h^i) 



{:F^^^^)Af,^)N= (6.23) 
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n e A*j 
27r|n| ^ 5>t , 
N-neK{h'^)\K{hh) 

for N e }C{h%IC{h^'). Furthermore, 

{G^{k; P~^^^2^^) Qi^h, x; G^{k; x)) - 

- {G^_^{k; x))-^ e,K/^, x; G^_^{k; x)) = (6.24) 

= {{G^ik; x))-i - (G^_„(A;; x))-^ ) P|,+2.iV) © ^'(^' ^'^(^5 + 

+ (^A^-nl^; ( %+2.JV) - Pe%+2n{N-n)) )^v{K>i\ G^{k; x)) + 

+ {GN-ni^; Pe%+2n(N-n)) ( G^{k; x)) - Qi^h, x; Gj^_„(A;; x)) ) . 

For N,N -n e IC{h^)\ }C{h^^) , we have 

I {G^ik; x))-i - (G^.Jfc; x))-^ | ^ ^ /.-t'^ ■ 2n\n\ , 

i± S± II / 27r|n| 



.. e{k+2TrN) ^ e{k+2TT (N -n)) ■■ ^ 

I eu{h, x; GjvlA;; x)) - ep(/i, x; G^v^JA;; x)) | ^ 2h-'^-^ ■ 27r\n\ 

(see (1.4), (5.2), and the definition of the functions Qi'{h, x; .)). Therefore (6.22) - (6.24) 
yield 

II (( J-J^'i) -^J^'i) A=^)^);v II ^ 3v^/.i(''+i)x-i 27r|n| ■ |(J-J^))„| ■ ||^;v-„|| . 

n e A*j^ 
27r|n| s; (5x 

From this we obtain that estimates (6.21) hold with constants 

C7(/i,/';J-J^))=3v^/^i J2 27r|n|-|(^W)„|. 

n e A* 

Lemma 16.11 is proved. □ 

If e Ll{K] Mm), then (see (0.6) and (1.1)) there is a constant Cs = Cs{A, |7|; W) > 
such that for all k e with |(A;,7)| = vr, and all G H\K;C^^) the following 
inequality is satisfied: 

j=l 3 
Therefore, for all vector functions ip G 7i(/C(/i')), 

||l?y,|| ^^C8x||y,||. (6.25) 
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Now let us obtain inequality (6.18) (for sufficiently large numbers x ^ Xq((5, /') ^ 
2/i' ~^^). From (6.19), (6.25), and Lemma 16.11 it follows that there exists a number 
Xq(5, /') ^ 2h'- +^ (dependent also on A, |7|, h, a, on the numbers Qg, and on the 
functions Vq^'^\ J^q^^) such that for all x ^ Xq(5, /'), all G with |(fc,7)| = vr, and all 
ij G L'^{K-X^^) we have 

5 = 1 

^ ^M^E-^J^'^^^^^^A-^^ip + ^^^c^ii^ir ^ 

9 = 1 

^ I II f:-^i^'^U/;v^(^U,-^lP + ^5^c^ll^f ^ 

9 = 1 

in '^^ ^ ^ ^ 
^ y II E-^i^^A^^^^^A-'^f + ^ ^^c^ll^f = 

g = l 

= y Eii-^J^^^^^^^^^r^ii' + n^'^^"^"' ^ 

5 = 1 

^ y Ell -^i^'^A-^^^^^^r ^ir +^^'^6 11^11' ^ 

9 = 1 

^ y Eii^-^^^^'^^'^^^^.-v^ir + n^'^^ii^ii' ^ 

9 = 1 

^ y Eii^^^^^A-^-^J^'^^v^r + n^'^^ii^ii' ^ 

9 = 1 



^ 2E M+t/w^,^^w^iP + l5^c; 

9 = 1 



(we use the notation (6.20)). Finally, (perhaps picking a larger number Xq(5, /') which 

now may also depend on M) these estimates and Theorem 16.21 imply that inequalities 
(6.18) hold: 

^ + ll-^i^Vir + ^5^c^ll^ ^ 

9=1 
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q = l 

^cl{5+ max /3,,.(V;W))^||^f, s = 0,l. 

q = l,...,Qs 

This completes the proof of Theorem 16.11 
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